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Abstract
This thesis provides a probabilistic assessment of the micro-meteoroids and orbital debris
(MMOD) impact protection structures. The assessment is based on first-order reliability methods that
use Ballistic Limit equations traditionally used by NASA for the design of shields. The research
demonstrates how the structural reliability methods can be implemented into the aeronautics and
astronautics field.
NASA is continuously developing new techniques that allow the consideration of the uncertainty
that exists in the design of their space structures. Nevertheless, some of their design approaches are still
deterministic. For example MMOD ballistic limit equations used for the design of the MMOD
protection are deterministic models. A reliability analysis was performed using the structural reliability
methodology in order to account for the uncertainty that exists in the variables used in the Ballistic
Limits Equations. The Hasofer-Lind First-order reliability method, and the implementation of the
Rackwitz-Fiessler transformation were used for the calculations of the probability of failure of the
models analyzed, as well as for the calibration of the reliability-based safety factors. Three types of
shields were considered: 1) monolithic shields, 2) Whipple shields, and 3) multi-shock shields.
It is shown that probabilistic approaches can significantly improve the design process of the
models since the uncertainty of the parameters used is fully taken into consideration and processed
rationally.
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Chapter 1. Introduction
1.1

Background
Spacecraft are always subject to micro meteoroid and orbital debris impacts. Micro meteoroids

are particles with primary origins in asteroids and comets orbiting planets and the sun. Orbital debris are
human-made objects in orbit about the Earth. Orbital debris represents approximately 2/3 of the micrometeoroid and orbital debris (MMOD) risk on earth orbit (Christiansen, 2003). The precise location and
time of impact of micro-meteoroids and orbital debris cannot be determined, but several probabilistic
methods have been developed in order to determine the probability of impact depending on several
aspects of the spacecraft. Prior to 1970 NASA researched for techniques and models that define the
micro-meteoroids environment and the shielding required against high-velocity particles impacts. Also,
since early 1960s, NASA has been implementing probabilistic risk assessment (PRA) methods in order
to identify and assess menaces in technological systems and their applications for the purpose of costeffectively improving their safety and overall performance (OSMA, 2010). With the implementation of
PRA, NASA conducts a wider health, safety, and mission analyses. The analyses include but are not
limited to hazard analysis, failure mode and reliability analysis. As part of PRA, NASA has been
utilizing BUMPER II Code to calculate the risk of MMOD impact causing critical damage for each
space structure (Christiansen, 2003).
With the implementation of the BUMPER code in early 1990s (OSMA, 2010), NASA has taken
into consideration the uncertainty that exists in several aspects of a launch mission, such as the
probability of getting MMOD impacts as a function of the mission duration, the flight direction of the
spacecraft during the mission, and geometry of the structure. This type of analysis accounts for any
discrepancies that will occur during the mission by either the environment of the mission or human
errors, such as vehicle guidance and performance deviations, variability in the vehicle attitude due to
13

control malfunction, wind uncertainties, and variability in the debris aerodynamic characteristics.
Although NASA is already implementing PRA methods into their design criteria, several models are
deterministic-based. For instance, micro-meteoroids and orbital debris protection models used for the
design of MMOD protection are currently deterministic.
1.2

Objectives and Scope of Work
The objectives of this thesis are:


Demonstrate that structural reliability methods can be used in aeronautics and aerospace
fields.



Perform a reliability analysis using structural reliability (FORM).



Evaluate the sensitivity of the variation in the random variables in the probabilities of failure.



Calibrate reliability-based partial safety factors using FORM.

14

Chapter 2. MMOD Environment and Protection Design Process
2.1

MMOD Environment
The MMOD environment is a very important spacecraft design consideration. There are two

types of threats that are considered during the design of any space structure; micro-meteoroids, and
orbital debris (OSMA, et al., 2010). Micro-meteoroids are part of the interplanetary environment. These
types of threats can be found in the earth orbit, lunar orbit, and lunar surface. Micro-meteoroids are
mainly composed of low density materials with a particle density range from 2 g/cm3 to 0.5 g/cm3, and
travel velocity range from 10 km/s to 72 km/s when orbiting the Earth. Orbital debris are composed of
metallic fragments from components of space structures. Because orbital debris are human made
objects, the projectile density is typically assumed to be 2.8 g/cm3, corresponding to an aluminum metal.
The velocity range of the orbital debris goes from 1 km/s to 15 km/s. Also, the orbital debris
environment is susceptible to updates as more data is collected due to the constant increase of the
particles. Orbital debris are usually the most critical threat for the design of a spacecraft because it
represents approximately 2/3 of the MMOD risk in earth orbit.
The MMOD environment is a function of the altitude of the orbit and time of the year. Several
techniques have been developed in order to determine the size of the MMOD in the Earth orbit, lunar
orbit, and lunar surface. There are three types of orbital debris that are of design concern; objects larger
than 10 cm, objects between 1 and 10 cm, and objects smaller than 1 cm (Office of science and
technology policy (OSTP), 1995). The number of particles smaller than 10 cm is derived from statistical
measurements made either in situ or from ground-based sensors.
Moreover, the Earth orbit is generally divided in four regions; Low-Earth Orbit (LEO), MediumEarth Orbit (MEO), Geosynchronous Earth Orbit (GEO), “Other” (defined by highly eccentric and
transfer orbits that transit between the three orbits). The U.S. Space Command (USSPACECOM) is in
constant collection of data in order to identify the amount of particles that can be found in each region.
15

From a sample of around 8000 particles the distribution of the particles by altitude ranges is shown in
table 2.1. It is observed that most of the projectiles are found in the LEO. Figure 2.1 shows the divisions
of the Earth orbit and its respective distance range.
Table 2.1. Projectile number distribution by altitude range (OSTP, 1995).

Figure 2.1. Earth orbit divisions (OSTP, 1995).
Also, the debris population depending on their diameter size is estimated using radars, sensors
and telescopic observations. Table 2.2 shows the estimated debris population in terms of particle size. It
is observed that 99.67% of the total debris population is made of particles in the range of 0.1-1 cm in
diameter (OSTP, 1995).

16

Table 2.2. Estimated Debris Population

NASA has identified the MMOD flux depending on the altitude of the orbit as well. Table 2.3
shows the effects of operational altitude on orbital debris and micro-meteoroids flux of 3 mm and larger
MMOD particles. NASA is continuously updating this information as more data is collected.
Table 2.3. Effects of operation altitude on orbital debris and micro-meteoroid flux (Christiansen, 2009).

2.2

MMOD Protection

2.2.1

MMOD Protection Requirements
Since MMOD impacts represent a threat for a spacecraft, proper shielding structures must be

designed. NASA takes into consideration several aspects that affect the survivability of a mission. Since
MMOD environment depends on the altitude range, requirements for MMOD protection are given
depending on characteristics of the mission. Generally, requirements for MMOD protection are
expressed in terms of the maximum acceptable risk level. MMOD risk is proportional to mission
duration, spacecraft geometry, spacecraft orientation, orbital altitude and inclination, type of structure,
17

and MMOD environment. The maximum risk that a shield can take can be defined as the probability of
no penetration (PNP) of the shield. Table 2.4 provides a listing of historical MMOD protection design
requirements (Christiansen, 2003).
Table 2.4. MMOD Shielding Requirements.

2.2.2

Vehicle

Environments

PNP

Apollo Command Module

Meteoroid

0.996 per 8.6-day mission

Skylab Module

Meteoroid

0.995 for 8-month mission

Shuttle Orbiter

Meteoroid

0.95 for 500 missions

Spacelab Module

Meteoroid

0.999 for 7-day mission

Hubble Space Telescope

Meteoroid and Debris

ISS

Meteoroid and Debris

0.95 for 2 years
0.98 to 0.998 per critical
element over 10 years

Design Process
The process to evaluate and design MMOD protection consists of several aspects; space failure

criteria, geometry model, and the ballistic limit equations. Once these aspects are defined and the
“acceptable” PNP is assigned as in section 2.2.1 the probability of failure of the structure is calculated
using BUMPER.
Spacecraft Geometry Model
A detailed geometry model of the spacecraft is required to calculate the MMOD risks of its
different surfaces. As the area and time expose to the MMOD flux increase, MMOD impact and failure
increase proportionally. Equation 1 shows the relationship between the area and time expose to MMOD
flux to the number of impacts that cause failure. Where N is the number of impacts that cause failure,
and Ni is equal to the sum of the impact failures in each element of the spacecraft. N for each element is
a function of the cumulative flux, F (number/m2-year) which represents the number of projectiles per
unit area in a given time, the exposed area, A (m2), and time exposed to the MMOD flux, t (year)
(Christiansen, 2009).
18

𝑛

𝑛

𝑁 = ∑ 𝑁𝑖 = ∑(𝐹𝐴𝑡)𝑖
𝑖=1

(1)

𝑖=1

MMOD flux varies depending of the orbit altitude, year of the mission, and orbit inclination.
With the implementation of the Orbital Debris Engineering Model (ORDEM), NASA is able to
estimates the MMOD environment, for instance the estimation of the MMOD flux in different orbit
altitudes. From table 2.5 it is shown how as the altitude of the orbit increases the concentration of orbital
debris increases. Also, how the flux of the micro-meteoroids does not change a lot with altitude.
Table 2.5. Effect of Operational Altitude on Orbital Debris and Micro-Meteoroids Flux of 3 mm and
Larger MMOD Particles on a Randomly Tumbling Object, in 51.6 deg Inclination Orbit, Year 2010,
Environment Models: ORDEM2000 and SSP30425B (Christiansen, 2009)

Moreover, the orbital debris environment is continuously changing over the years because of its
dynamic nature of orbital sources and sinks. Orbital debris are generated from breakups and spacecraft
degradation, thus increasing the amount of projectile over the years. On the other hand, atmospheric
drag contributes in the cleaning of the orbital debris environment. Orbital debris flux varies with time on
a yearly basis, and micro-meteoroid environment is relatively constant from year to year. Table 2.6
shows the expected change over the years in the orbital debris flux.

19

Table 2.6. Yearly change in orbital debris flux of 3 mm and larger particles on a randomly tumbling
object in 51.6 deg inclination orbit, altitude 400 km, ORDEM2000 (Crhistiansen, 2009)

The inclination of the spacecraft orbit has an impact on orbital debris flux. As shown in table 2.7,
as the inclination of the spacecraft orbit about the Earth increases, the orbital debris flux increases.
Table 2.7. Effect of orbit inclination on orbital debris flux of 3 mm and larger particles on a randomly
tumbling object in 400 km altitude orbit, year 2010, ORDEM2000 debris model (Christiansen, 2009)

MMOD risk is related to N, the expected number of impacts causing damage exceeding the
failure criteria, through Poisson statistics (Christiansen, 2009). Equations 2 and 3, show the relationship
between the number of impact causing failure, the PNP, and the MMOD risk.
20

𝑃𝑁𝑃 = exp(−𝑁)

(2)

𝑅𝑖𝑠𝑘 = 1 − 𝑃𝑁𝑃

(3)

Figure 2.2 shows the BUMPER Geometry model of the ISS. The colors represent the different types of
shields that are installed in the ISS.

Figure 2.2. BUMPER Geometry Model of the ISS circa 2006 (Christiansen, 2009).
Ballistic Limit Equations
Ballistic Limit Equations (BLEs) allow for the calculation of the maximum projectile diameter
that specific shields can hold before failure occurs. These equations were derived by a combination of
hypervelocity impact test results and analytical methods and thus are semi-empirical/analytical in nature.
There are two types of BLEs; design equations, and performance equations.
Design equations are used to determine the preliminary shield thickness given certain conditions
of the mission. For instance, the expected projectile diameter to impact the structure is given by the
MMOD environment of the mission, the projectile density, impact velocity, and other material
properties of the shield. Performance equations are used to determine the strength of the shield.

21

BUMPER Code
NASA has used the BUMPER code to performed MMOD risk assessments for various missions.
Figure 2.3 shows a flowchart of the process in which BUMPER calculates the PNP of a structure. First
of all a PNP is assigned to the spacecraft depending on the MMOD environment. Then, a PNP due to the
geometry of the structure is calculated using 1 and 2 for each of the elements in the structure. Finally,
BUMPER calculates the number of failures by determining the number of MMOD particles that exceed
the ballistic limits (performance equations) for each element on the structure, and calculates the total
number of failures summing the individual elements and the PNP due to the geometry of structure. If
PNP calculated using BUMPER exceeds the allowable PNP assigned at the beginning of the process, the
shielding composition must be changed until the desired PNP is achieved.

Figure 2.3. BUMPER Code design process (Christiansen, 2009).
2.3

Current MMOD Shield Design Deficiencies
The implementation of the BUMPER code into NASA’s design process has allowed for the

consideration of the uncertainty that exists in the environment of the mission, maneuvering and
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dimensions of the spacecraft, and the number of failures due to the exceedance of the shield strength
using the ballistic limits. Even though uncertainties during a launch mission are taken into account, the
models used to define the critical projectile size that cause failure are deterministic models.
Uncertainty exists in the variables of MMOD BLEs used for the design of MMOD protection, as
well as in the MMOD projectile diameter that impacts the structure. A probabilistic distribution can be
assigned to each of the variables in the models, as well as in the MMOD projectile diameter depending
on the altitude of the orbit. The lack of the consideration of the variability that exists on the variables
used for the design of MMOD protection could lead to an erroneous interpretation of the level of
reliability that the structure have. Currently, this uncertainty is not taken into consideration for the
calculation of the probability of failure of the system. Since no variability in the parameters used in the
BLEs for the design of MMOD protection, such as the material properties of the shield and impact
conditions, are taken into consideration, the BLEs are pass/no-pass equations that do not provide
information as to the level of reliability of the shield in terms of a probability of failure.
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Chapter 3. Literature Review
NASA has been implementing probabilistic assessments into their designs, and research is in
continued development in order to consider the uncertainty that exists in the aspects that affect the
design of any space structure. For instance, structural analyses are currently performed to predict
structural responses to the critical loads applied to the structure and the environmental constrains during
the service life of the structure. The analyses include, fatigue, and fail-safe considerations, which
account for any variations that may occur during the application of the loads on the structure. Generally,
space propulsion systems cannot be tested since they are relatively large and costly. Since no data can be
collected from experimentation on any space structure prototype, the reliability analysis of these systems
can be extremely challenging. NASA has always recognized the existence of uncertainty in the analysis
and design of its structures. These uncertainties can arise due to human factors, technology limitations,
variability in material properties, environmental constrains, and the operation of the equipment, but also
in the models used to predict the behavior of the structural systems (Raju, et al. 2007). Empirical
parameters are used in the design process of these structural systems, which do not provide a
quantitative and precise measure of risk. Interagency and external research has been developing and is
continuously improved in order to account for the inconsistency that exists in the loading conditions of
the spacecraft in order to design a more reliable structure.
Reliability estimation for aerospace structures has been performed previously. H. J. Pradlwarter
et al (2004) created a probabilistic algorithm based on gradient of the performance function generated by
direct Monte Carlo simulation that allows the consideration of variability in parameters used in a finite
element analysis of a structural system. The INTEGRAL (INTErnational Gamma Ray Astrophysics
Laboratory) satellite was analyzed with respect to its reliability, in the presence of unavoidable
uncertainties in the parameters of the finite element model. The deterministic finite element model is
owned by the European Space Agency (ESA). The results show that the probabilistic analysis provides a
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better understanding of the structure. Also, it is capable of providing importance of the parameters in the
analyzed structure. Although this analysis relies on the amount of data, and statistical data for this type
of structural systems is scarce, the analysis can be performed every time new data is compiled.
Moreover, with the application of advance Monte Carlo simulation the reliability analysis of
finite element models for static and dynamic loading to space structures has been performed. The main
advantage of Monte Carlo simulation is that enables the analysis of a finite element model with more
than 120,000 degrees of freedom. Static and dynamic loads were calculated using finite element
analysis. The reliability analysis can be performed by taking into consideration the uncertainty that
exists in the elements of the structure such as material properties, geometry of the structure, and the
environment at which the structure will be subjected to, in conjunction to the finite element analysis. M.
F. Pellisetti et al. (2008) performed this analysis to demonstrate that a reliability analysis can be
performed in large structures and will provide a more rational analysis than current deterministic
designs.
Furthermore, Abdelal, Cooper, and Robotham (2011) develop a finite element code in MATLAB
programming language in order to simulate static loads for frame structures. These frame structures
were able to be modeled as 3D beam elements, and enabled the calculation of stresses and deformations
in the elements. This program results allows the creation of a model in ANSYS. Once the model is
generated, Abdelal et al. suggest the execution of a first-order reliability method (FORM). The
advantage of a FORM is that is more efficient than the Monte Carlo approach since. This reliability
approach was used to test four solar panels attached to a satellite. Shields were installed to protect the
satellite structure from heat loads. Once the model was developed, using the FORM the probabilities of
failure of the model as well as the critical parameters of the model were calculated. The advantages of
FORM are that once a model is created, the probabilities of failure and sensitivity factors calculations
are more accurate and the analysis is less time consuming.
25

Usually, deterministic analysis procedures are utilized for the estimation of the spacecraft and
subsystem loads, which do not allow quantifying possible uncertainty of the predicted results. Adriano
Calvi (2005) is continuously performing an uncertainty-based loads analysis for spacecraft for the ESA
in order to take into consideration the uncertainty of the factors that affect the calculation of the dynamic
responses of space structures. The purpose is to reduce the amount of error in the correlation between
experimental results and the mathematical models used for the analysis by localizing and updating the
areas of the models that cause the error. Using a finite element model the structural responses are
calculated and with the implementation of Monte Carlo simulation a probability distribution for each of
the components of the structure and the loading conditions can be assigned in order to calculate the
probabilities of failure of the structure due to the structural loads. In the stochastic validation of
structural models, it was found that the corresponding values of the analytical deterministic predictions
did not match the test results. The main reason for the disagreement can be categorized by modeling
uncertainty errors, scatters in manufacturing, and error and uncertainties in testing. Also, manufacturing
is normally neglected in the correlation, as well as the test related scatter. Addition of this type of
analysis can lead to a more reliable approach, and more accurate results, but the validation of the
stochastic model depends on the ability to quantify uncertainty.
Since ballistic limit equations are determined deterministically, NASA has implemented
specificity and sensitivity ratios in order to account for some of the variability that occurs among the
available data and the model. For example, the sensitivity ratio can be expressed as the ration between
the actual penetrations predicted as penetrations, and the sum of the actual penetrations predicted as
penetrations and actual penetrations predicted as non-penetrations. This approach enables the calculation
of partial safety margins, as well as the precision of the model. By calculating these ratios a first-order
quantitative assessment of whether or not a ballistic limit equation tends to be conservative or nonconservative can be achieved. These results only give a deterministic appreciation of the model, and do
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not take into account other important factors such as the variation on material properties, quality control
errors, manufacturing, and the variability of the MMOD environment (Schonberg, et al., 2005).
Although research has been performed amply in order to extend probabilistic analysis into
NASA design criterion, there exists a lot of components and critical design equations that have not been
analyzed probabilistically before. Moreover, reliability analysis has been implemented into several space
structures, but it is very limited to new models that described the behavior of space structures subjected
to different loads. BLEs that define the MMOD protection models have not been analyzed in order to
verify their level of reliability. MMOD shields are crucial components and the consideration of the
uncertainty of the variables used in the equations is important if more rational models are desired.
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Chapter 4. MMOD Protection Models
There are three types of shields that are used to protect space structures from MMOD
hypervelocity impacts; monolithic shields, Whipple shields, and multi-shock shields. NASA has derived
two types of equations to characterize the response of these shields; design equations and performance
equations. Design equations are used to determine the preliminary shielding size required to prevent
failure due to a MMOD projectile impact. These types of equations are used in the first stage of the
BUMPER design process. Performance equations allow the calculation of the maximum projectile
diameter that a shield can hold before failure occurs in a specific impact condition, and material
properties of the projectile and the shield. These types of equations, called ballistic limit equations, are
used in the iterative design process of the BUMPER code in order to verify if the assigned requirements
of the structure have been met.
In general, these equations describe the phenomena of crater formation in semi-infinite metallic
plates due to MMOD hypervelocity impacts. MMOD velocities range from 1 km/s to 72 km/s. Lowearth orbital Micro-meteoroid velocities range from 11 km/s to 72 km/s, and orbital debris velocities
range from 1 to 15 km/s. Several laboratories under contract with NASA, such as the Southwest
Research Institute and the Sandia National Laboratories, have been testing hypervelocity projectile
impacts in order to derive these equations (Christiansen, 2009). The existence of technological
limitations does not allow for the laboratory simulation of the real environment of these MMOD
hypervelocity impacts. Some of the existing laboratories can only launch particles at a maximum
velocity of 11.5 km/s using inhibited shaped charged launchers, and light-gas guns (figure 4.1)
(Christiansen, 2009).
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Figure 4.1. NASA Johnson Space Center White Sands Test Facility two stage light-gas gun.
4.1

Monolithic Shields
Monolithic shields consist of a single wall. During the Apollo Project the Johnson Space Center

(JSC) Engineers developed the Cour-Palais. The Cour-Palais equation was derived empirically from
several hypervelocity tests (Cour-Palais, 1976). This equation is a function of the Brinell hardness
number, projectile and target density, young modulus of elasticity of the target, target thickness, and
impact velocity. The Brinell hardness number is a function of the applied load (F), the steel bar diameter
(D), and the measure diameter of indentation (d). As shown in figure 4.2. The Brinell number is used to
express the hardness of a material like metals and alloys. The test is achieved by applying a certain
amount of load to the surface of a material through a hardened steel bar of a known diameter.
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Figure 4.2.Illustration of a Brinell hardness test.
Due to the inaccuracy of the Cour-Palais equation the JSC performed lab tests and that led to
the development of the modified Cour-Palais equation. The modified Cour-Palais equation add ratios
between the projectile density and the target density, as well as material properties that make the model
more reliable and accurate as shown in equation 4.
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𝑝 = 5.24𝑑18 𝐵𝐻𝑁 −0.25 (

𝜌𝑝 0.5 𝑉𝑛 2/3
) ( )
𝜌𝑡
𝐶

(4)

Where,
p = penetration depth on the semi-finite aluminum plate
d = projectile diameter thickness
BHN = Brinell harness number
ρp = Projectile density
ρt = Target density
Vn = Normal component of the impact velocity; 𝑉𝑛 = 𝑉 ∗ 𝜃
θ = Impact angle (º)
C = Speed of sound on the semi-finite aluminum plate
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Since it was necessary to assess the penetration resistance, k parameters were derived in order to
account for different failure modes using ratios from a sheet penetration depth equation and added to
Cour-Palais equation as a multiplier.
𝑡 =𝑘∗𝑝

(5)

Where,
t = Finite sheet thickness
k = Factor depending upon the failure criterion considered
p = Depth of the crater in semi-infinite target as given in equation 4
In a series of tests performed by the GMDRL, targets made of aluminum 2024-T3 alloy were
impacted by 1/8 inch diameter aluminum at a constant velocity of approximate 7.4 km/s (Christman,
1963). As the targets were reduced in thickness, the values of the factor k were determined for the
following failure modes:


Incipient spallation, k = 3.0



Detached spallation, k = 2.2



Perforation, k = 1.8
Figure 4.3 shows the types of failures modes due to a projectile hypervelocity impact in a semi-

finite metal plate.
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Figure 4.3. Craters in semi-finite targets (a), incipient spallation (b), detached spallation (c), and
perforation (d).
Monolithic equations are provided for aluminum, titanium, stainless steel, carbon fiber
reinforced-plastic (CFRP) composites, fused-silica glass, and Hyzod3 polycarbonate. Also, ballistic
performance of MLI thermal blankets for aluminum and CFRP are provided (Christiansen, 2009). Also,
monolithic shield models are only validated for projectile hypervelocity impacts of 9 km/s, typically.
Aluminum Monolithic Shield Performance Equation
Equation 6 is used to determine the maximum MMOD projectile diameter that an aluminum
monolithic shield can resist before failure occurs. The failure modes for this case were explained in
previous sections as: incipient spall (k = 3.0), detached spall (k = 2.2), or perforation (k = 1.8) of the
plate after a MMOD projectile impact. The aluminum monolithic shield model is defined by equation 6:

𝑑𝑐 = [

𝜌
(𝑡 𝐵𝐻𝑁 0.25 ( 𝑡⁄𝜌𝑝 )
2
𝑉𝑐𝑜𝑠𝜃 3
)
𝑘 5.24 (
𝐶𝑡

Where,
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0.5

18
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)

]

(6)

t = Target thickness (cm).
BHN = Brinell hardness of the target.
ρt = Density of the target (g/cm3).
ρp = Density of the projectile (g/cm3).
k = Damage parameter that depends on the failure mode.
V = Projectile velocity (km/s)
θ = Impact angle from target normal (deg)
Ct = Speed of sound in the target (km/s).
dc = Critical projectile diameter to cause damage.
The aluminum monolithic shield performance equation is shown as example of a typical
monolithic shield since aluminum is the most typical material used by NASA.
4.2

Whipple and Multi-shock Shield Composition

4.2.1

Whipple Shields
In 1940 Fred Whipple proposed a meteoroid shield for spacecraft consisting of one or two

bumpers and the rear wall. The purpose of this type of shield is to break up the projectile into smaller
particles in order to increase the permissible projectile diameter size before the rear wall fails. Since a
significant fraction of the energy of the projectile is consumed upon impact with the first bumper, the
amount of mass of the shield could be significantly reduced while increasing its efficiency. Figure 4.4
illustrates a MMOD impact into a dual Whipple shield. The metal plate on the right represents the
bumper and the inner plate the rear wall.
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Figure 4.4. Whipple shield (Christiansen, 2003).
4.2.2

Multi-shock Shields
A Multi-shock (MS) shield consists of a combination of four or more ultra-thin-spaced bumper

elements followed by either an aluminum or Kevlar rear wall, which could be covered with multi-layer
insulation (MLI) thermal blankets in order to increase the efficiency of the shield.
A multi-bumper shield works by shocking and fracturing the particle as it penetrates the various
bumpers. Figure 4.5 shows an example of a hypervelocity test in a typical MS shield with Nextel
ceramic bumpers and aluminum rear wall.
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Figure 4.5. MS shield with Nextel ceramic bumpers (Christiansen, 2003).
Figure 4.6 shows the advantages of incorporating multi-bumper shields. The incorporation of
multi-bumpers shields allows the reduction of the mass of shielding needed to protect the structure from
a MMOD projectile impact. Four hypervelocity impact tests were performed using the same projectile
diameter size and material properties in the same impact conditions.
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Figure 4.6. Shielding capabilities comparison (Christiansen, 2009).
In figure 4.6, it is observed how the implementation of multi-bumper shields creates a more
efficient shield in terms of mass of shielding required.
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4.3

Whipple and Multi-Shock Protection Models
The Whipple and MS shield performance equations allow the calculation of the critical diameter

of the projectile that causes failure to the shield. The failure modes associated with these equations are
detached spallation, or perforation. Whipple and MS shield performance equations are semianalytical/empirical derived using from the modified Cour-Palais equation, and analytical methods
(Christiansen, 2003).
Whipple and MS shields performance may be classified into three different states: 1) deforming
projectile regime, 2) projectile fragmentation regime, and 3) projectile melt/vaporization regime. These
different states are a function of the impact velocity of the MMOD particle, where the key factor is the
state of the debris cloud projected from the bumper toward the rear wall. Depending on the energy of the
impact, the debris cloud could contain solid, liquid, or vaporized projectile or a combination of the three.
The pressures generated in the projectile, after it impacts the bumper, are a function of different
variables; projectile velocity, impact obliquity angle, projectile and shield thickness, and material
properties of both projectile and shield. Standoff distance also plays an important role.
The deforming projectile regime, the projectile fragmentation regime, and the projectile melt/
vaporization regime, are also known as the low-velocity, intermediate-velocity, and high-velocity
regimes, respectively. Where the definitions of each of the regimes are (Christiansen, 2003):
Deforming Projectile Regime. At low impact velocities, Vn< 3 km/s, the effectiveness of the
Whipple shield is low because the impact shock pressures at the bumper are low and the projectile
remains intact. Christiansen (2003) states that a deformed but substantially intact projectile then impacts
the shield’s rear wall. The projectile is more damaging as velocity increases in the low velocity regime.
As the velocity of the projectile increases, the effectiveness of the shield decreases in this regime as
shown in figure 4.6.
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Projectile Fragmentation Regime. From 3 km/s ≤ Vn ≤ 7 km/s, projectile fragments into
smaller particles, and starts melting at velocities above 5.5 km/s for aluminum on aluminum projectiles.
Damage on the rear wall starts decreasing as the fragmentation and melting of the projectile increases.
Projectile Melt/Vaporization Regime. At high velocities of Vn > 7 km/s, the debris cloud after
impact will contain fractions of solid, liquid, and vapor components of the projectile. At velocities above
8 km/s a significant fraction of the fragments of the projectile do not reach a melting state, which yield
to impacts of small solid projectile fragments into the rear wall. After this velocity, the critical diameter
tends to decrease until it reaches the limits of incipient vaporization at impact velocities around 10 km/s,
and complete vaporization of the debris cloud at impact velocities of 24 km/s.
Since hypervelocity impacts above 10 km/s are beyond the laboratories capabilities, the
implementation of numerical simulations of hypervelocity impacts is required. These numerical
simulation tools are called Hydrocodes. They receive this name because HVI produces local pressures in
the target and projectile that greatly exceed the material strength of these materials, the material behaves
as if it has no strength; i.e., like a fluid, or hydrodynamic behavior.
The equations that define the deforming projectile regime or low velocity regime are derived
from the laboratory hypervelocity impact tests results. This portion of the model is crucial since fully
understanding of the behavior of the material is needed in order to extend experimental results and
computation philosophy to impacts occurring at the projectile melt/vaporization regime, or high-velocity
regime. Also, a calibration of k factors is done in order to account for the failure modes on each regime
according to the shielding material properties as well as the thermodynamic properties of the shield and
the projectile after the impact of the projectile at the bumper.
Figure 4.6 shows a comparison between the ballistic limits of monolithic and Whipple shields of
the same mass.
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Figure 4.6. Ballistic limits for equal mass monolithic target and Whipple Shield (Christiansen, 2003).
These equations are based on cratering relationships on the low velocity regime, numerical
solutions of HVI in the high velocity regime (solution of fundamental conservation equations: mass,
momentum, and energy), and a linear interpolation between the two in the intermediate regime
(Christiansen, 2003). The results of these equations have been compared to the laboratory tests, and it
has been concluded that, sometimes, the allowable projectile diameter calculated with this equations is
overestimated. NASA considers that conservative approaches are better at the moment until
hypervelocity tests capabilities increase (Christiansen, 2009).
Whipple Shield Performance Equations
The following equations, 7, 8 and 9, define the ballistic limit equations for a Whipple shield in
terms of a critical particle size (dc) that causes failure (complete penetration or detached spall of the rear
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wall). These equations assume that the bumper thickness is adequate to disrupt the projectile at high
velocities (Christiansen, 2009). Whipple shield performance equations are defined as follows:
High Velocity, 𝑉𝑛 ≥ 7 𝑘𝑚/𝑠
2

1

1

2 1

𝑑𝑐 = 3.918𝑡𝑤 3 𝜌𝑝 −3 𝜌𝑏 −9 (𝑉𝑐𝑜𝑠𝜃)−3 𝑆 3 (

𝜎 1
)3
70

(7)

Low Velocity, 𝑉𝑛 ≤ 3 𝑘𝑚/𝑠

𝑑𝑐 = [

𝜎 0.5
𝑡𝑤 (40) + 𝑡𝑏

(18/19)

5
2]
0.5
0.6 (𝑐𝑜𝑠 3 𝜃) 𝜌𝑝 𝑉 3

(8)

Intermediate Velocity,3𝑘𝑚/𝑠 < 𝑉𝑛 < 7 𝑘𝑚/𝑠
𝜎 0.5
𝑡𝑤 (40) + 𝑡𝑏
𝑑𝑐 = [
]
1.248𝜌𝑝 0.5 𝑐𝑜𝑠𝜃

(

18
)
19

1

2
1
1 1 𝜎 3
𝑉𝑛
𝑉𝑛
× [1.75 − ( )] + [1.071𝑡𝑤 3 𝜌𝑝 −3 𝜌𝑏 −9 𝑆 3 ( ) × ( − 0.75)
4
70
4

(9)
Where,
tw = Rear wall thickness (cm).
σ = rear wall yield stress (ksi).
ρp = Bumper density (g/cm3).
ρp = Density of the projectile (g/cm3).
tb = Bumper thickness (cm).
V = Projectile velocity (km/s).
θ = Impact angle from target normal (deg).
S = Standoff distance from back of bumper to front of rear wall (cm).
dc = Critical projectile diameter to cause damage (cm).
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Performance Equations for MS Shields with Aluminum Rear Wall
For the MS shields with aluminum rear wall performance equations, the projectile regimes are
not only a function of the velocity, but also of the impact angle. The obliquity of the impact affects the
performance of the shield. Incline impacts allow the proper breakup of the particle. Since the particle
does not impact normal to the shield, the obliquity of the impact allows the particle to bounce out of the
shield, which limits the consumption of the kinetic energy of the impact on the shield. Therefore,
subsequent bumper layers are not penetrated allowing proper protection to the rear wall. The model is
defined by the following equations:
High-velocity, 𝑉 ≥ 6.4 (𝑐𝑜𝑠𝜃)−0.25 :
𝑑𝑐 =

1

𝜎 6 −1
) 𝑉 3 (𝑐𝑜𝑠𝜃)−1/3𝑆 2/3
40

1
1
𝐾𝐻−𝑀𝑆 (𝑡𝑤 𝜌𝑤 )3 𝜌𝜌 −3 (

(10)

Low-Velocity, 𝑉 ≤ 2.4(𝑐𝑜𝑠𝜃)−0.5 :
2
4
𝜎 0.5
𝑑𝑐 = 𝐾𝐿−𝑀𝑆 𝑉 −3 (𝑐𝑜𝑠𝜃)−3 𝜌𝜌 −0.5 [𝑡𝑤 ( ) + 𝐶𝐿 𝑚𝑏 ]
40

(11)

Intermediate-Velocity, 2.4(𝑐𝑜𝑠𝜃)−0.5 < 𝑉 < 6.4(𝑐𝑜𝑠𝜃)−0.25 :

(12)
Where,
dc = Critical projectile diameter at shield failure threshold (cm)
KH-MS = 0.358 (km1/3s-1/3)
ρρ = Projectile density (g/cm3)
ρw = Rear wall density (g/cm3)
S = Overall spacing (gap distance) between outer bumper and rear wall (cm)
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σ = Rear wall 0.2% offset tensile yield stress (ksi)
tw = Rear wall thickness (cm)
θ = Impact angle from target normal (deg)
V = Projectile velocity (km/s)
CL = Low velocity coefficient = 0.37 (cm3/g)
KL-MS = 2.0 (g0.5km2/3cm-3/2s-2/3)
mb = Total bumper areal density and is the sum of the areal densities of all four bumpers
(g/cm2)
KHi-MS = 0.193
KLi-MS = 1.12 (g0.5cm-3/2)
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Chapter 5. Deterministic Analysis of MMOD Protection Models
In this chapter, a deterministic analysis of three types of MMOD protection models is presented;
a monolithic shielding model, a Whipple shielding model, and a MS shielding model. The intention is to
present the overall characteristics of the models. Demonstrate how a critical MMOD projectile diameter
is calculated depending on the material properties of the shield and projectile, and the impact conditions
of the projectile. These models are defined by the performance shield equations found in the Manual for
Designing MMOD Protection (Christiansen, 2009).
5.1

Monolithic Protection Models
A deterministic analysis was performed to two of the monolithic protection models found in the

Handbook for Designing MMOD Protection: the aluminum, and titanium monolithic performance
equations. These models were selected for the analysis because they are the most typical monolithic
shield models used by NASA.

5.1.1

Aluminum Monolithic Shield Performance Equation
Using equation 6 from chapter 4 an analysis was conducted in order to show the application of

the model for the calculation of the maximum MMOD projectile diameter that an aluminum monolithic
shield can resist before it fails.
The values used for the deterministic calculations of the aluminum monolithic shielding model
were extracted from tests found in diverse manuals, and reports by NASA and non-NASA agencies such
as the Handbook for Designing MMOD Protection (Christiansen 2009), Meteoroid/Debris Shielding
Manual (Christiansen 2003), and the American Society for Metals (ASM) Database (ASM 2015). The
density of the projectile is assumed 2.8 g/cm3 since most of the orbital debris are made of aluminum
alloys. Shielding material properties such as the BHN, speed of sound, and material density are assumed
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from the materials properties shown in the Handbook for Designing MMOD Protection and the
American Society for Metals database. The angle of impact is set to 0° since is the most critical impact
orientation. The allowable projectile diameter was calculated for a velocity range of (2-15) km/s, which
simulates the orbital debris speed environment.
Table 5.1 shows the values of the parameters used in the deterministic calculations of the
allowable projectile diameter in an aluminum monolithic shield. Table 5.2 shows the maximum
projectile diameter that the shield can hold before it fails. As expected, it is observed how as the impact
velocity of the MMOD projectile increases, the allowable projectile diameter that the shield can hold
decreases.
Table 5.1. Nominal values for the calculation of the allowable projectile diameter for an aluminum
monolithic shield.
Brinell
Hardness
BHN
(Unitless)
95

Speed of
Sound

Damage
Parameter

Projectile
Density

Target
Density

C (km/s)

k (Unitless)

ρp (g/cm3)

ρt (g/cm3)

t (cm)

θ (°)

5.05

1.8

2.8

2.7

0.47

0
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Target
Angle of
Thickness Impact

Table 5.2. Deterministic calculation of the allowable projectile diameter for an aluminum monolithic
shield for an impact velocity range of 2-14km/s.
Impact
Velocity
V (km/s)
2
3
4
5
6
7
8
9
10
11
12
13
14

Allowable Projectile
Diameter
dc,allow (cm)
0.3027
0.2343
0.1954
0.1697
0.1512
0.1372
0.1261
0.1171
0.1095
0.1031
0.0976
0.0928
0.0886

Similarly, a deterministic analysis was performed for the titanium monolithic protection model,
which can be found in appendix A.
5.2

Whipple Protection Models
Two Whipple protection models were analyzed deterministically. A general Whipple shield and

one of the International Space Station (ISS) Whipple shields. The analysis of the performance equations
for the ISS Whipple shield can be found in appendix B.

5.2.1

Whipple Shield Performance Equations
Table 5.3 contains the assumed material properties and shield geometric dimensions. Also, the

calculation of the allowable projectile diameter according to the Whipple shield performance equations,
shown in equations 7, 8, and 9 is shown in table 5.4.
The material properties were designated for an aluminum alloy Al 6061-T6. Shielding
configuration was assumed from different manuals and reports. The spacing was assumed to be 10 cm
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since is the common spacing and the thickness of the bumper and rear wall was set to 0.12 cm and 0.32
cm respectively.
Table 5.3. Nominal values for the calculation of the allowable projectile diameter using the Whipple
shield performance equations.
Rear wall
thickness
Projectile density
Bumper density
Impact angle
Standoff Distance
Yield stress
Bumper thickness

tw (cm)

0.32

ρp (g/cm3)

2.8

3

ρb (g/cm ) 2.7
θ (°)
0
S (cm)
10
σ (ksi)
57
tb (cm)
0.12

Table 5.4. Deterministic calculation of the allowable projectile diameter for an aluminum Whipple
shield for an impact velocity range of 1-10km/s.
Impact
velocity
V (km/s)
1
2
3
4
5
6
7
8
9
10

Allowable Projectile
Diameter
dc,allow (cm)
0.52
0.33
0.26
0.35
0.45
0.55
0.64
0.59
0.54
0.50

From table 5.4, the projectile stages can be numerically appreciated. For impacts in the lowvelocity regime the allowable projectile diameter decreases. Then as the impact velocity increases in the
shatter or intermediate-velocity regime, the allowable MMOD projectile diameter that the shield can
support increases. Finally, the theoretical projectile diameter decreases as the velocity increases the
high-velocity regime.
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5.3

Performance Equations for MS Shields with Aluminum Rear Wall
Deterministic calculations were performed using equation 10, 11, and 12 in order to show the

theoretical projectile diameter that a MS shield with aluminum rear wall can hold before it fails. The
nominal values used in the equations were extracted from the material properties found in the Handbook
for Designing MMOD Protection, as well as in the material properties database of the ASM
International (ASM 2015). The assumed material properties and geometric dimensions used for the
deterministic analysis are shown in table 5.5.
Table 5.5. Nominal values used for the calculation of the allowable projectile diameter for the MS shield
with aluminum rear wall.
Rear wall Thickness
Yield Stress
Low velocity coefficient
Total bumper areal
density
Impact angle
projectile density
Rear wall density
Standoff distance

tw(cm)
σ (ksi)
CL(cm3/g)

0.051
57
0.37

mb(g/cm2)

0.31

θ (º)
ρp (g/cm3)
ρw (g/cm3)
S (cm)

0
2.8
2.7
10

K parameters are deterministic parameters used to calibrate the model for the failure modes on
each regime depending on the material properties of the shield, the thermodynamic properties of the
shield and the projectile post-impact, and ratios between the projectile diameter and the standoff
distance, as well as a ratio between the projectile diameter and bumper thickness.
Table 5.6 represents the maximum projectile diameter that the MS shield with aluminum rear
wall can hold with the given material properties shown in table 5.5 at an impact velocity range of 1 to 10
km/s.
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Table 5.6. Deterministic calculation of the allowable projectile diameter for a MS shield with aluminum
rear wall for an impact velocity range of 1-10km/s.
Impact Velocity
V (km/s)
1
2
3
4
5
6
7
8
9
10

Allowable Projectile Diameter
dc,allow (cm)
0.21
0.13
0.15
0.21
0.27
0.33
0.34
0.32
0.31
0.30

From the results shown in table 5.6 it is observed how the allowable projectile diameter that the
shield can hold decreases when the impact velocity varies from 1-2 km/s. Then, the allowable projectile
diameter increases when the velocity of the impact varies from 2-7 km/s. These increments in the critical
projectile diameter in the intermediate-velocity regime are due to the breakup of the projectile into
smaller particles as explained in previous chapters. Finally, the maximum projectile diameter that the
structure can hold starts decreasing due to impact velocities greater than 7 km/s.
The deterministic analysis showed how the MMOD performance equations allow the calculation
of the maximum projectile diameter that a specific shield can support before it fails for a given impact
condition, projectile characteristics, and material properties of the specific shield; 1) a monolithic
protection model, 2) a Whipple protection model, and 3) multi-shock protection model.
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Chapter 6. First-Order Reliability Methods
6.1

Introduction
As it was mentioned before, MMOD protection models are deterministic-based models. There

are several structural reliability methods that were developed conducive to account for the uncertainty
that exists in the parameters used on structural engineering design models. These methods have been
applied to different fields of study such as Costal and Hydraulic Engineering, Geotechnical Engineering,
and others (Cornell, 1971). These methods have proven to be useful to account for uncertainties in the
variables of the models.
This research comprises the implementation of the concepts of the FORM in order to perform a
reliability and sensitivity analyses to the MMOD protection models used by NASA. This method was
developed for structural engineering systems in order to calculate probabilities of failure of structures.
By implementing this method, the probability of failure of NASA’s MMOD protection models will be
calculated. Also, the analyses can enable the calculations of partial reliability-based safety factors by
taking into account the variability on each of the parameters in the analyzed models.
The intention is to demonstrate that FORM can be applied to NASA’s MMOD protections
models. The main goal is to take into account the uncertainty that exists in the variables of the analyzed
models. By taking into consideration the uncertainty of the random variables, the model can be
broadened and will become more.
FORM allows the calculation of the probability of failure (Pf) of the MMOD shields by
comparing the demand (the applied load), in this case the actual projectile diameter size that impacts the
shielding structure, and the supply (the shield resistance) defined as the allowable projectile diameter
calculated with the performance equations from the MMOD models. A projectile diameter is calculated
in order to assure that the shielding design is proper to hold the MMOD impacts in a specific condition.
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Also, the sensitivity of each variable in the probability of failure calculation can be calculated with the
proposed method. The sensitivity of the variables represents the impact that each variable has on the
probability of failure. If the probability of failure needs to be reduced, the variability or the mean value
of the most sensitive variables would be the most logical candidates for adjustments since they have the
highest impact.
Another advantage of the FORM is that it allows the calibration of partial safety factors. Partial
safety factors are used in order to artificially increase and decrease the loads that are apply to the
structure and the strength of the structure respectively. For instance, the impact velocity and the particle
diameter can be artificially increased; while the hardness, and target density could be reduced with the
application of a partial safety factor. For the calibration of the safety factors, the uncertainty of the
variables is taken into consideration. The advantage of these types of safety factors is that they are more
rational since more aspects of the uncertainties of the variables are considered, and they are not only
calibrated by correlation between tests and equations outputs, in other words deterministically.

6.1.1

Safety Margin
The safety margin is defined by the difference between the maximum projectile diameter that a

shield can hold and the actual projectile diameter of the MMOD that impacts the structure. A safety
margin is assigned in order to define the failure mode of the structure. If the theoretical projectile
diameter is less than the actual projectile diameter that impacts the shield, failure occurs.
Uncertainty exists in the variables used for the calculation of the maximum projectile diameter
that a type of shield can hold, as well as in the diameter of the actual projectile that impacts the structure.
For a given orbit a constant distribution of the MMOD diameter can be assumed. If data is collected for
each of the variables found in the MMOD models, a statistical analysis can be performed in order to
determine the probability distributions of the random variables.
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6.2

Methodology
Using Hasofer-Lind algorithm (Melchers, 1999) and the Rackwitz-Fiessler transformation

(Nowak and Collins, 2013) the probabilities of failure of the MMOD protection models were calculated.
Professor Hasofer and Professor Lind in 1974 developed the first order reliability method (FORM)
(Melchers, 1999). A limit state function is defined as the condition at which the system will fail. For
example, let us define the load (demand) as the actual MMOD projectile diameter that impacts the shield
(Q), and the resistance (supply) as the maximum projectile diameter that the shield can hold calculated
using the MMOD protection models (R). If R < Q the shield fails. In this particular case, the limit state
function, g(x), is defined as g(x) = R - Q = dc-allowable - dc-actual, where dc-allowable and dc-actual are define by a
given probability distribution with a mean value (μ) and a standard deviation (σ). It can be observed that
the shaded area under the curves represents the limits in which the load exceeds the resistance in figure
6.1. Therefore, the shaded area under the curve is proportional to the probability of failure.

Figure 6.1. Probability of failure (Havbro)

FORM assumes that all variables in the system are defined by a normal distribution. Therefore this
variables can be transformed into the reduce variables Zi using equation 13.
𝑍𝑖 =

𝑋𝑖 − 𝜇𝑖
𝜎𝑖

(13)
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Where, Zi is the random variable with zero mean and a unit standard deviation.
By rearranging equation 13, the resistance and the load can be denoted in terms of the reduced
variables. Therefore, the limit state function g(R,Q) =R-Q can be expressed in terms of the reduced
variables as,
𝑔′(𝑍𝑅 , 𝑍𝑄 ) = 𝜇𝑅 + 𝑍𝑅 𝜎𝑅 − 𝜇𝑄 − 𝑍𝑄 𝜎𝑄

(14)

Following the approximations of Cornell’s reliability index, professors Hasofer and Lind were
able to prove that the reliability index can be defined as the shortest distance from the origin to the
reduced limit state function g’(x), as shown in figure 6.2. Figure 6.3 shows the failure boundary with
respect to the reduce limit state function g’(x) (Melchers 1999).

Figure 6.2. Reliability index defined as the shortest distance in the space of reduced variables (NPTEL).
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Figure 6.3. Safe and failure domain it two dimensional spaces (NPTEL).
Hasofer-Lind algorithm is a very accurate approximation of the reliability index for normal
variables, but it does not for allow the use of diverse probability distributions on each of the random
variables in the limit state function. Professors Rackwitz and Fiessler developed a transformation that
enables the use of the Hasofer-Lind algorithm with different types of probability distributions (Nowak
and Collins, 2013). This approach allows for the calculation of the non-normal mean value (μe) and
standard deviation (σe) of the transformed variable by using the following equations (Nowak and
Collins, 2013):
𝑥𝑖∗ − 𝜇𝑒
𝐹𝑥𝑖 (𝑥𝑖∗ ) = 𝛷 (
)
𝜎𝑒
𝑓𝑥𝑖 (𝑥𝑖∗ )
𝜎𝑒 = 𝑓

(15)

1
𝑥𝑖∗ − 𝜇𝑒
= 𝜙(
)
𝜎𝑒
𝜎𝑒
1

∗
𝑥𝑖 (𝑥𝑖 )

∗ 𝜙 [𝛷−1 (𝐹𝑥𝑖 (𝑥𝑖∗ ))]

𝜇𝑒 = 𝑥𝑖∗ − 𝜎𝑒 ∗ 𝛷−1 (𝐹𝑥𝑖 (𝑥𝑖∗ ))
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(16)
(17)
(18)

6.2.1

Hasofer-Lind Algorithm with Rackwitz-Fiessler Transformation (Nowak and Collins,

2013)
The steps for the computation of the probability of failure are:
1. Define the limit state function; R-Q=0
2. Assume an initial x* for X, satisfying limit state function g(x*) = 0. A good start guess point
is the mean values for n-1 random variables, where the value of the remaining variable can
be obtained by solving the limit state function g(x *) = 0. Hence, allowing the convergence to
zero.
3. For each of the parameters that are non-normal distributed find the equivalent normal
parameters with equations 17 and 18.
4. Determine the reduced variables corresponding to design point x* using equation 3.
5. Calculate the partial derivatives of the limit state function. ∂g(X)/∂Xi at x*.
6. Calculate the gradient of each for x* with the following equation:
𝐺𝑖 = −

∂g(X)
∗ 𝜎𝑒,𝑖
∂𝑋𝑖

(19)

7. Determine the reliability index.
𝛽=

𝐺 𝑇 {𝑧}

(20)

√𝐺 𝑇 𝐺

8. Calculate directional cosines as follows. The squares of the directional cosines are known as
the sensitivity factors:
𝛼=

𝐺

(21)

√𝐺 𝑇 𝐺

9. Determine the new design point vector for n values in the reduced variates space.
𝑍 = 𝛼∗𝛽

(22)

10. Determine the corresponding design point in the original space for values n-1
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𝑥𝑛−1 = 𝜇𝑒,𝑛−1 + 𝑧𝑛−1 ∗ 𝜎𝑒,𝑛−1

(23)

11. Solve the limit state function g(x*) = 0 for the remaining value.
12. Return to step 3, and repeat process until reliability index convergences.

6.2.2

Calibration of Reliability-based Partial Safety Factors (Nowak and Collins, 2013)
Besides the calculation of the probability of failure and sensitivity factors, another advantage of

the FORM is the calibration of the reliability-based safety factors. Using the Hasofer-Lind algorithm
and the Rackwitz-Fiessler transformation these safety factors can be calculated. This process is
described in the following steps:
1. Define the limit state function; Resistance is less than load, the system fails. R-Q=0
2. Assume an initial x* for X, satisfying limit state function g(x*) = 0.
3. Set a desire level of reliability (β).
4. For each of the parameters that are non-normal distributed find the equivalent normal
parameters with equations 17 and 18.
5. Calculate the partial derivatives of the limit state function. ∂g(X)/∂Xi at x*.
6. Calculate the gradient of each for x* using equation 19:
7. Determine the directional cosines using equation 21.
8. Determine the new design point vector for n values in the reduced variates space using
equation 22.
9. Determine the corresponding design point in the original space for values n-1 with equation
23.
10. Solve the limit state function g(x*) = 0 for the remaining value.
11. Return to step 4, and repeat process until the directional cosines (α) converges.
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12. Then, the partial safety factors can be calculated for each of the variables in the analyzed
model using equation 24. Which is the ratio of the design point (x*) and the mean value (μ) of
the n variable.
𝑥𝑖∗
𝑃𝑎𝑟𝑡𝑖𝑎𝑙 𝑆𝑎𝑓𝑒𝑡𝑦 𝐹𝑎𝑐𝑡𝑜𝑟 = 𝛾𝑖 = ( )
𝜇𝑖

6.3

(24)

Research Application of FORM
In this project, the limit state function was defined as g(x) = dc,allow – dc,actual. Where dc,allow is the

theoretical projectile diameter, and dc,actual is the actual projectile diameter that impacts the shield.
Using MATLAB, this methodology was programmed for optimum and faster calculations. Also,
for all the analyses, the probability distributions of all the parameters were assumed to be defined by a
log-normal distribution. The log-normal distribution was assigned to the variables used in the models
described in chapter 5 because the variables cannot take negative values.
Since the probability distributions of the parameters in the MMOD protection models by NASA
were assumed to have a log-normal distribution, the Rackwitz-Fiessler transformation of a non-normal
into a normal distribution had to be done before using the Hasofer-Lind algorithm.
No database was analyzed in order to determine the type of probability distribution that the
variables could have. However, the nominal values in the deterministic calculations shown in chapter 5
were assumed to be the mean values. The values of the variables were assumed from information found
in design manuals, handbooks and reports developed for or by NASA. The coefficients of variation
(COV) were also assumed using an engineering criterion on what is believed to have more uncertainty.
Small COV values were given to those variables that indicate shielding dimensions or geometry (values
from 1% – 3%). Relatively bigger COV values were given to variables that define material properties,
such as density, speed of sound in the material, BHN, etcetera (COV from 3% - 5%). Higher COV
values were assigned to variables designated to the behavior and composition of the micro-meteoroids
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and orbital debris, such as impact velocity, projectile diameter, and projectile density (COV from 5% 30%).
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Chapter 7. Reliability Analysis of Monolithic Protection Models
7.1

Analysis of Monolithic Shield Models
Following the procedure described in chapter 6 a reliability analysis was performed for the

MMOD monolithic protection models described in chapter 5. The monolithic models that were used for
the implementation of the FORM are the aluminum monolithic shield, and the titanium monolithic
shield. The aluminum, and titanium monolithic shield models were chosen for this research since
aluminum and titanium are the most used type of materials according to the tests presented in the
Handbook for Designing MMOD Protection by NASA. The reliability analysis for the titanium
monolithic protection model is presented in appendix A.
The aluminum monolithic protection model is defined by equation 6 shown in chapter 5. A
general reliability study was performed in order to identify the most critical variables in the model, so
that a detailed reliability analysis could be performed focusing on those variables. This analysis
consisted on assuming the mean values as the nominal values shown in tables 5.1, and 5.2. Then
different COV were assigned to the variables in order to determine which variable impacted more in the
calculation of the probability of failure. Table 7.1 shows the mean values and the COV of each of the
variables used in the aluminum monolithic shield model and for the determination of the most important
variables in the model.
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Table 7.1. Aluminum monolithic shield sumulation matrix.
Parameter
Thickness
BHN
Projectile Density
Target density
Impact Velocity
Impact Angle
Speed of Sound on target
Projectile Diameter

Mean
Value (μ)
0.47
95
2.8
2.7
6
0
5.05
0.2

Coefficient of Variation (COV)
0.03
0.02
0.05
0.02
0.05
0.05
0.02
0.05

0.075
0.05
0.1
0.05
0.15
0.1
0.05
0.15

0.1
0.1
0.25
0.1
0.3
0.15
0.1
0.3

0.5
0.5

Results of one reliability analysis from the simulation matrix are shown in table 7.2, where the
impact of each of the variables in the probability of failure calculation (α2) is presented.
Table 7.2. Pf and sensitivity of the variables (α2) in the Pf calculation of the monolithic shield model
with Vcov=0.30 and dcov=0.30.
Parameter
Thickness
BHN
Projectile Density
Target Density
Impact Velocity
Impact Angle
Speed of Sound
Projectile Diameter

Μ
0.47
95
2.7
2.8
6
1
5.05
0.2

COV
0.03
0.03
0.15
0.05
0.30
0.10
0.05
0.30

α2
0.0062
0.0004
0.0372
0.0046
0.3330
0.0316
0.0077
0.5793

Pf

0.1837

In table 7.2, it is appreciated how the most critical parameters in the probability of failure
calculation of the aluminum monolithic shield are the projectile diameter, and the impact velocity
variables. Table 7.3 shows the results of a second analysis from the simulation matrix. It displays how
the reduction of the uncertainty in the projectile diameter, and the impact velocity variables affects the
probability of failure dramatically, and how the sensitivity of other variables becomes more significant
in the calculation, such as the projectile density, and the impact angle.
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Table 7.3. Pf and sensitivity of the variables in the Pf calculation of the monolithic shield model with
Vcov=0.05 and dcov=0.10.
Parameter
Thickness (cm)
BHN
Projectile Density (g/cm3)
Target Density (g/cm3)
Impact Velocity (km/s)
Impact Angle (º)
Speed of Sound (km/s)
Projectile Diameter (cm)
7.1

Μ
0.47
95
2.7
2.8
6
0
5.05
0.12

COV
0.03
0.03
0.15
0.05
0.05
0.10
0.05
0.10

α2
0.0286
0.0018
0.3137
0.0210
0.0395
0.2031
0.0342
0.3581

Pf

8.4e-05

Reliability Analysis
Once the most sensitive variables were identified, a more detailed reliability analysis was

performed. The calculation of the probability of failure was conducted in two different scenarios. The
first scenario is intended to demonstrate how the probability of failure of the model changes when the
mean values of the most critical variables, the projectile diameter that impacts the shield and the impact
velocity variables, are decreased or increased while keeping the COV of all the variables constant. In the
second scenario, the probability of failure is calculated by varying the COV of the critical variables,
while keeping the mean values of all the variables constant. The intention is to prove how the reduction
of the COV of the variables contributes to the reduction of the probability of failure of the model.

7.1.1

Reliability Analysis by Varying the Mean Values
A reliability analysis was conducted to the aluminum monolithic shield model shown in equation

6 with a k parameter equal to 1.8, which refers to a perforation limit state. The probability of failure of
the model was calculated by increasing the mean values of the projectile diameter, and the impact
velocity. The analysis was conducted in order to show how the probability of failure varies depending
on the mean values of the projectile diameter and impact velocity. Table 7.4 shows the mean values and
COVs of each of the variables used for the calculation of the probability of failure.
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Table 7.4. Mean values and COV for the calculation of the Pf of the aluminum monolithic performance
equation.
Variable
Shield Thickness
Brinell Hardness
Shield Density
Projectile Density
Impact Velocity
Impact Angle
Speed of Sound
Projectile Diameter

Mean (μ)
0.47 cm
95
2.7 g/cm3
2.8 g/cm3
2-14 km/s
0º
5.05 km/s
0.1-1 cm

Coefficient of Variation (COV)
0.02
0.03
0.05
0.15
0.15
0.10
0.05
0.30

Figure 7.1 illustrates the calculation of the probability of failure by varying the mean values of
the MMOD projectile diameter and the impact velocity, using the mean values and COVs shown in table
7.4.

Figure 7.1. 2D-Plot of the Pf of the aluminum monolithic shield by varying the projectile diameter and
the impact velocity mean values.
From figure 7.1, it is observed that, as expected, the probability of failure of the shield increases
when the mean values of the projectile diameter and the impact velocity of the projectile increases.
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Figures 7.2, and 7.3 show the sensitivity of the projectile diameter and the impact velocity
variables in the calculation of the probability of failure. Since the COV assigned for these two variables
is relative high in comparison to the others, the sensitivity of the critical variables in the calculation is
high.

Figure 7.2. Sensitivity of the projectile diameter in the Pf calculation.
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Figure 7.3. Sensitivity of the impact velocity in the Pf calculation.
7.1.2

Reliability Analysis by Varying the COVs
The second analysis consists of the calculation of the probability of failure of the aluminum

monolithic shield when the coefficients of variation of the critical variables in the model are varied
while keeping the mean values of the variables constant. For this analysis, the mean values of the
variables were assumed as the nominal values shown in the simulation matrix. Table 7.5 presents the
values used for this analysis. The intention is to demonstrate that the reduction of the variability in the
critical variables yield to a reduction of the probability of failure of the structure.
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Table 7.5. Mean values and COV assumed for the calculation of the Pf of the aluminum monolithic
performance equation.
Parameter
Shield Thickness
Brinell Hardness
Shield Density
Projectile Density
Impact Velocity
Impact Angle
Speed of Sound
Projectile Diameter

Mean (μ)
0.47 cm
95
2.7 g/cm3
2.8 g/cm3
6 km/s
0º
5.05 km/s
0.10 cm

COV (V)
0.02
0.03
0.05
0.15
0.05 to 0.50
0.10
0.05
0.05 to 0.50

Figure 7.4 shows the probability of failure of the structure when the COV of the critical variables
is reduced. It is observed how the probability of failure is decreases considerably as the COV of the
projectile diameter and the impact velocity variables is reduced.

Figure 7.4. 2D-Plot of the Pf of the aluminum monolithic shield by varying the projectile diameter and
the impact velocity COVs.
Figures 7.5 to 7.8 illustrates the sensitivity of the MMOD projectile diameter, impact velocity,
projectile density, and impact angle variables in the calculation of the probability of failure as a function
of the COV of the impact speed and projectile diameter.
64

Figure 7.5 Sensitivity of the projectile diameter in the Pf calculation.

Figure 7.6. Sensitivity of the impact velocity in the Pf calculation.
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Figure 7.7 Sensitivity of the impact angle in the Pf calculation.

Figure 7.8. Sensitivity of the projectile density in the Pf calculation.
Figure 7.5 shows that the sensitivity of the projectile diameter increases as the COV of the
projectile diameter increases. However, this sensitivity decreases when the COV of the diameter
decreases. This demonstrates that when the COV of one variable increases its sensitivity increases but
66

for the rest of the variables the sensitivity actually decreases. The same behavior is seen on the
sensitivity factor of the impact velocity as shown in figure 7.6.

Figures 7.7 and 7.8 demonstrate this

same behavior where the sensitivity factor of both the impact angle and the projectile density decrease as
the COVs of the projectile diameter and impact speed increase.
7.2

Calibration of the Reliability-Based Partial Safety Factors
The use of reliability-based partial safety factors is a practical way for accounting for the

uncertainties in the variables while achieving a target level of safety during the design of the shield. The
implementation of the partial safety factors into the aluminum monolithic performance equation is
intended to reduce artificially the capacity of the shield to support a MMOD projectile impact. Also, to
increase the size of the actual projectile that is expected to impact the shield in order to attain a level of
safety in the design.
As part of the reliability analysis, the calibration of the reliability-based partial safety factors of
the variables used in the aluminum monolithic performance equation was performed. The goal of this
analysis is to provide partial safety factors to each of the variables used in the aluminum monolithic
performance equation that account for the uncertainty that exist while giving a desire level of reliability.
Table 7.6 shows the mean values and COV used for the calibration of the partial safety factors for the
aluminum monolithic performance equations for a damage parameter of 1.8.
Table 7.6. Mean values and COV for the calibration of the partial safety factors of the aluminum
monolithic shield model.
Variable
Thickness (cm)
BHN
Projectile Density (g/cm3)
Target Density (g/cm3)
Impact Velocity (km/s)
Impact Angle (º)
Speed of Sound (km/s)
Projectile Diameter (cm)

Μean Value (μ)
0.47
95
2.7
2.8
6
0
5.05
0.2
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COV (V)
0.03
0.03
0.15
0.05
0.15
0.10
0.05
0.20

The main advantage of FORM is that the calibration of the partial safety factors is done for a
desired level of reliability. The partial safety factors for the aluminum monolithic performance equation
were calculated for a reliability range of 2.5 to 6. Table 7.7 shows the safety factors for each of the
variables in the model depending on the level of reliability desired.
Table 7.7. Partial safety factors for a given reliability index for the aluminum monolithic performance
equation variables.

Variable
Target Thickness (γt)
BHN (γBHN)
Projectile Density (γρd)
Target Density (γρt)
Impact Velocity (γv)
Impact Angle (γθ)
Speed of Sound (γc)
Projectile Diameter(γd)

2.5
0.99
1.00
1.01
0.89
1.17
1.07
0.98
1.02

Partial Safety Factors
Reliability Index (β)
3.0
3.5
4.0
4.5
0.99
0.99
0.99
0.98
1.00
1.00
1.00
1.00
1.01
1.02
1.02
1.02
0.88
0.86
0.84
0.83
1.21
1.26
1.36
1.44
1.08
1.10
1.12
1.14
0.98
0.98
0.97
0.97
1.07
1.11
1.14
1.19

5.0
0.98
1.00
1.02
0.83
1.44
1.16
0.97
1.23

5.5
0.98
0.99
1.03
0.81
1.50
1.18
0.96
1.27

6.0
0.98
0.99
1.03
0.80
1.57
1.20
0.96
1.31

The projectile diameter variable in table 7.7 defines the actual projectile diameter size that is
expected to impact the shield. The rest of the variables in table 7.7 are used for the calculation of the
maximum projectile diameter that the shield can support.
Once the partial safety factors are calculated, they can be applied to the aluminum monolithic
performance equation, as shown in equation 25, which defines the design equation for the aluminum
monolithic shield. It is observed how material properties are artificially reduced, such as the target
density, and the impact conditions are artificially increased, such as the impact velocity.
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(γ𝑡 𝑡 γ𝐵𝐻𝑁 𝐵𝐻𝑁 0.25 (
𝑑𝑐 =

γ𝜌𝑡 𝜌𝑡
⁄γ𝜌 𝜌𝑝 )
𝑝

[

)
≥ γ𝑑 𝑑𝑐−𝑎𝑐𝑡𝑢𝑎𝑙 (25)

2
3

γ𝑉 𝑉γ𝜃 𝑐𝑜𝑠𝜃
γ𝐶 𝐶𝑡 )

5.24 (

18
19

0.5

]

Table 7.8 contain the nominal values used for the calculation of the critical projectile diameter using
equation 25, and table 7.9 the results of the calculation by applying the partial safety factors.
Table 7.8. Values used for the calculation of the critical diameter using equation 25.
Variable
BHN
Brinell Hardness
C (km/s)
Speed of Sound
K
Damage Parameter
ρp (g/cm3)
Projectile Density
ρt (g/cm3)
Target Density
t (cm)
Target Thickness
θ (°)
Angle of Impact
V (km/s)
Impact Velocity

Nominal Value
95
5.05
1
2.8
2.7
0.47
0
6

Table 7.9. Critical diameter by a desired level of reliability using 25.
β
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0

dc
0.20
0.19
0.18
0.17
0.16
0.16
0.15
0.14

Figure 7.9 is a graphical representation of the difference in the results using equation 6, at
damage parameter value k = 1.8, and equation 25.
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Critical Diameter Comparison
0.22

Critical Diameter

0.20
0.18
0.16
0.14

0.12
0.10
2.5

3

3.5

4
4.5
Reliability Index

Equation 25

5

5.5

6

Equation 6 @k=1.8

Figure 7.9. Comparison of the results of the critical projectile diameter for an aluminum monolithic
shield before and after de application of the partial safety factors.
From figure 7.9 it is observed how as the reliability index increases the critical diameter
decreases. Also, it is observed the effects on the application of the damage parameters to the design
equation that NASA is currently using in order to account for the different types of the failure modes.
Where the main disadvantage of these damage parameters is that they were derived deterministically, so
no variability of the random variables is been considered.
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Chapter 8. Reliability Analysis of Whipple Protection Models
8.1

Analysis of Whipple Shield Models
A reliability analysis was conducted for the MMOD Whipple protection models described in

chapter 5. The failure mode is defined by the difference between the maximum projectile diameter
calculated using the Whipple protection models and the expected MMOD projectile diameter to impact
the shield. The Whipple shielding models that were used for the implementation of the FORM are the
Whipple shield performance equations 7, 8 and 9, and performance equations for ISS Whipple shields
previously described. In this chapter the reliability analysis of the Whipple shield using the Whipple
shield performance equations is presented. The reliability analysis for the performance equations for ISS
Whipple shields is presented in appendix B.
In order to concentrate the analysis on the variables that affect the most the calculation of the
probability of failure a set of sensitivity analyses were performed. For these analyses the mean values of
the variable were assumed as the nominal values used in the deterministic calculation in chapter 5. Then
different COV were assigned to the variables in order to determine which variable impacted more in the
calculation of the probability of failure. Table 8.1 shows the simulation matrix for the determination of
the most important variables in the Whipple shield performance equations.
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Table 8.1. Whipple shield performance equations simulation matrix.
Mean Value
(μ)
0.32
10
57
2.8
6
0
2.7
0.12
0.45

Variable
Aluminum Rear Wall Thickness (cm)
Standoff Distance (cm)
Aluminum Yield Stress (ksi)
Aluminum Projectile Density (g/cm3)
Impact Velocity (km/s)
Impact Angle (º)
Aluminum Bumper Density ( g/cm3)
Aluminum Bumper thickness (cm)
Projectile Diameter (cm)

Coefficient of
Variation (COV)
0.03 0.02 0.10
0.02 0.01 0.05
0.02 0.05 0.10
0.05 0.10 0.15
0.05 0.15 0.30 0.50
0.05 0.10 0.15
0.02 0.05 0.10
0.02 0.02 0.10
0.05 0.15 0.30 0.50

Table 8.2, and 8.3 show the results of two of the analyses from the simulation matrix. It is
observed that the most critical variables are the impact velocity and the projectile diameter as defined by
their corresponding sensitivity index. Also, it is shown how once the variability of the projectile
diameter and the impact velocity is reduced, the probability of failure is reduced considerably. Also,
once the uncertainty of the critical variables is reduced other variables start affecting the calculation of
the probability of failure, for instance the projectile density and the impact angle.
Table 8.2. Pf and sensitivity of the variables (α2) in the Pf calculation of the Whipple shield model with
Vcov=0.30 and dcov=0.30.
Variable
Aluminum Rear Wall Thickness (cm)
Standoff Distance (cm)
Aluminum Rear Wall Yield Stress (ksi)
Projectile Density (g/cm3)
Impact Velocity (km/s)
Impact Angle (º)
Aluminum Bumper Density ( g/cm3)
Aluminum Bumper thickness (cm)
Projectile Diameter (cm)

Mean (μ)
0.32
10
57
2.8
6
0
2.7
0.12
0.45
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COV
0.02
0.01
0.05
0.15
0.30
0.05
0.05
0.02
0.30

α2
0.0013
0.0001
0.0020
0.0191
0.5094
0.0153
0.0002
0.0000
0.4527

Pf

0.3284

Table 8.3. Pf and sensitivity of the variables in the Pf calculation of the Whipple shield model with
Vcov=0.05 and dcov=0.05.
Variable
Rear Wall Thickness (cm)
Standoff Distance (cm)
Aluminum Rear Wall Yield Stress (ksi)
Projectile Density (g/cm3)
Impact Velocity (km/s)
Impact Angle (º)
Aluminum Bumper Density ( g/cm3)
Aluminum Bumper Thickness (cm)
Projectile Diameter (cm)

Mean (μ)
0.32
10
57
2.8
6
0
2.7
0.12
0.45

COV
0.02
0.01
0.05
0.15
0.05
0.05
0.05
0.02
0.05

α2
0.0170
0.0008
0.0259
0.3534
0.2365
0.1903
0.0023
0.0000
0.1738

Pf

0.0285

From these results, it is shown that some of the variables are not very sensitive in the calculation
of the probability of failure. Those variables can be taken as deterministic parameters, but for the
purpose of this research all of the variables are defined stochastically.
8.1

Reliability Analysis
A reliability analysis was performed in two ways; the calculation of the probability of failure

when the mean values of the projectile diameter and impact velocity variables is varied while keeping
the COVs constant, and the calculation of the probability of failure when the COVs of the same
variables are reduced while keeping the mean values constant.

8.1.1

Reliability Analysis by Varying the Mean Values
Firstly, a reliability analysis was done to the Whipple shield performance equations (equations 7,

8, and 9) described in chapter 5. The analysis was conducted in order to show how the probability of
failure increases or decreases depending on the mean values of the parameters. Table 8.4 shows the
mean values and COVs of each of the variables used for the calculation of the probability of failure.
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Table 8.4. Mean values and COV for the calculation of the Pf of the Whipple shield performance
equations.
Variable
Aluminum Shield Thickness
Brinell Hardness
Shield Density
Projectile Density
Impact Velocity
Impact Angle
Speed of Sound
Projectile Diameter

Mean (μ)
0.47 cm
95
2.7 g/cm3
2.8 g/cm3
2-14 km/s
0º
5.05 km/s
0.2-1 cm

Coefficient of Variation (COV)
0.02
0.03
0.05
0.15
0.15
0.10
0.05
0.30

Figure 8.1 illustrates the calculation of the probability of failure by varying the mean values of
the MMOD projectile diameter and the impact velocity. COVs of all the variables were kept constant, as
well as the mean values of the other variables.

Figure 8.1. 2D-Plot of the Pf of the Whipple shield performance equations by varying the projectile
diameter and the impact velocity mean values.
From figure 8.1, the three projectile states can be observed. The probability of failure of this type
of shield depends completely on the mean values of the projectile diameter and the impact velocity since
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the model that defines the shield strength is defined by three different equations, as explain in previous
chapters. In the low-velocity and high-velocity regime, the probability of failure increases as the impact
velocity mean value increases. In the intermediate-velocity regime the probability of failure increases
due to the fragmentation of the particle.
Since the Whipple shield model is a function of three different equations, the sensitivity of the
variables on the calculation of the probability of failure by varying the mean values depends on the
impact velocity mean value. Hence, the sensitivity of the variables is divided in three sections, the lowvelocity range, the intermediate-velocity range, and the high velocity range, as shown in figures 8.2 and
8.3. Figures 8.2, and 8.3 show the sensitivity of the projectile diameter and the impact velocity variables
in the calculation of the probability of failure, respectively.

Figure 8.2. Sensitivity of the projectile diameter in the Pf calculation.

75

Figure 8.3. Sensitivity of the impact velocity in the Pf calculation.
8.1.2

Reliability Analysis by Varying the COVs
Another reliability analysis was performed to the Whipple shield performance equations, which

consisted of the calculation of the probability of failure when the coefficients of variation of the critical
variables in the model are varied while keeping the mean values of the variables constant. For this
analysis the mean values of the variables were assumed as the nominal values used in the deterministic
analysis. Table 8.5 presents the values used for this analysis.
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Table 8.5. Mean values and COV assumed for the calculation of the Pf of the Whipple shield
performance equations.
Variable
Aluminum Rear Wall Thickness
Standoff Distance
Aluminum Yield Stress
Projectile Density
Impact Velocity
Impact Angle
Aluminum Bumper Density
Aluminum Bumper Thickness
Projectile Diameter

Mean (μ)
0.32 cm
10 cm
57 ksi
2.8 g/cm3
6 km/s
0º
2.7 g/cm3
0.12 cm
0.45 cm

Coefficient of Variation (V)
0.02
0.01
0.05
0.15
0.05 – 0.40
0.05
0.05
0.02
0.05 – 0.40

Figure 8.4 demonstrates how the probability of failure of the structure is reduced dramatically
when the variability of the critical variables is decreased. It is observed how the probability of failure is
reduced considerably as the coefficients of variation of the projectile diameter and the impact velocity
variables decrease.

Figure 8.4. 2D-Plot of the Pf of the Whipple shield performance equations by varying the projectile
diameter and the impact velocity COVs.
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Figures 8.5, 8.6, 8.7, and 8.8 illustrate the sensitivity of the MMOD projectile diameter, impact
velocity, projectile density, and impact angle variables in the calculation of the probability of failure.

Figure 8.5 Sensitivity of the projectile diameter in the Pf calculation.

Figure 8.6. Sensitivity of the impact velocity in the Pf calculation.
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Figure 8.7 Sensitivity of the impact angle in the Pf calculation.

Figure 8.8. Sensitivity of the projectile density in the Pf calculation.
Figure 8.5 shows that the sensitivity of the projectile diameter increases as the COV of the
projectile diameter increases. However, this sensitivity decreases when the COV of the diameter
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decreases. This demonstrates that when the COV of one variable increases its sensitivity increases but
for the rest of the variables the sensitivity actually decreases. The same behavior is seen on the
sensitivity factor of the impact velocity as shown in figure 8.6.

Figures 8.7 and 8.8 demonstrate this

same behavior where the sensitivity factors of both the impact angle and the projectile density decrease
as the COVs of the projectile diameter and impact speed increase.
8.2

Calibration of the Reliability-Based Partial Safety Factors
The calibration of the partial safety factors was conducted for the Whipple shield performance

equations with the intention to prove that reliability-based partial safety factors can be implemented
utilizing the proposed method. Table 8.6 shows the mean values and COV used for the calibration of the
partial safety factors for the Whipple shield performance equations.
Table 8.6. Mean values and COV for the calibration of the partial safety factors of Whipple shield
model.
Variable
Aluminum Rear Wall Thickness (cm)
Standoff Distance (cm)
Aluminum Yield Stress (ksi)
Projectile Density (g/cm3)
Impact Velocity (km/s)
Impact Angle (º)
Aluminum Bumper Density (g/cm3)
Aluminum Bumper Thickness (cm)
Projectile Diameter (cm)

Mean (μ)
0.32
10
57
2.8
8
0
2.7
0.12
0.45

COV
0.02
0.01
0.05
0.15
0.15
0.05
0.05
0.02
0.15

The calibration of the partial safety factors was conducted for a reliability index range of 2.5 to
6. Table 8.7 shows the safety factors for each of the variables in the model depending on the level of
reliability desired.

80

Table 8.7. Partial safety factors for a given reliability index for the Whipple shield performance
equations variables.

Variable

2.5

Aluminum Rear Wall
Thickness (γt)
Standoff Distance (γs)
Aluminum Rear Wall
Yield Stress (γσ)
Projectile Density (γρp)
Impact Velocity (γv)
Impact Angle (γθ)
Bumper Density (γρb)
Bumper Thickness (γtb)
Projectile Diameter (γd)

Partial Safety Factors
Reliability Index (β)
3.0
3.5
4.0
4.5
5.0

5.5

6.0

1.00
1.00

1.00
1.00

0.99
1.00

0.99
1.00

0.99
1.00

0.99
1.00

0.99
1.00

0.99
1.00

0.99
1.10
1.25
1.02
1.00
1.00
1.06

0.99
1.13
1.32
1.03
1.00
1.00
1.10

0.98
1.16
1.40
1.03
1.00
1.00
1.15

0.98
1.18
1.48
1.04
1.00
1.00
1.19

0.98
1.21
1.57
1.04
1.01
1.00
1.24

0.98
1.25
1.66
1.05
1.01
1.00
1.28

0.98
1.28
1.77
1.05
1.01
1.00
1.33

0.97
1.31
1.87
1.05
1.01
1.00
1.38

The projectile diameter variable, which defines the actual projectile diameter size that is
expected to impact the shield, is amplified. It is also observed that the projectile density, the impact
angle and velocity are also amplified. These parameters are amplified because they represent the
demand/load on the shield system. The rear wall thickness and yield stress are reduced because they
represent the capacity of the shielding system and their behavior is as expected. Equation 26 shows an
example of the modification of equation 7 after the partial safety factors derived are embedded into the
equation.
2

1

1

2

1

𝑑𝑐 = 3.918𝛾𝑡 𝑡𝑤 3 (𝛾𝜌𝑝 𝜌𝑝 )−3 𝛾𝜌𝑏 𝜌𝑏 −9 (𝛾𝑣 𝑉𝛾𝜃 𝑐𝑜𝑠𝜃)−3 𝛾𝑠 𝑆 3 (

𝛾𝜎 𝜎 1
)3 ≤ γ𝑑 𝑑𝑐−𝑎𝑐𝑡𝑢𝑎𝑙
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(26)

Table 8.8 contain the nominal values used for the calculation of the critical projectile diameter using
equation 26, and table 8.9 the results of the calculation by applying the partial safety factors.
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Table 8.8. Values used for the calculation of the critical diameter using equation 26.

Aluminum Rear Wall Thickness (cm)
Standoff Distance (cm)
Aluminum Rear Wall Yield Stress (ksi)

Nominal
Value
0.32
10
57

Projectile Density (g/cm3)

2.8

Impact Velocity (km/s)
Impact Angle (º)

8
0

Bumper Density (g/cm3)

2.7

Bumper Thickness (cm)

0.12

Variable

Table 8.9. Critical diameter by a desired level of reliability using equation 26.
β
2.5
3.0
3.5

dc
0.49
0.47
0.45

4.0

0.43

4.5
5.0

0.41
0.39

5.5

0.37

6.0

0.35

Figure 8.9 shows a plot with the calculation of the critical projectile diameter using equation 26
with respect to the reliability index, and the calculation of the critical projectile diameter using equation
7.
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Critical Diameter Comparison
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3.0

3.5

4.0
4.5
Reliability Index
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5.0

5.5

6.0

Equation 7

Figure 8.9. Comparison of the results of the critical projectile diameter for Whipple shield before and
after de application of the partial safety factors.
It is observed how the applications of the partial safety factors into the Whipple shield
performance equation reduces considerably the maximum projectile diameter that the shield can support
as the level of reliability increases.
To summarize, FORM allows the computation of safety factors that are useful for increasing the
safety of the shield by taking into account the uncertainties during the design process of the shield.
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Chapter 9. Reliability Analysis of Multi-Shock Protection Models
9.1

Analysis of Whipple Shield Models
Similarly to the previous two chapters, a reliability analysis of the MS shield with aluminum rear

wall was conducted using the performance equations described in chapter 5. As in chapters 6 and 7, the
failure mode is defined by the difference between the maximum projectile diameter calculated using the
MS protection models and the expected MMOD projectile diameter to impact the shield. If the diameter
of the projectile is greater than the theoretically calculated, failure occurs.
In order to concentrate the analysis on the critical variables, a simulation matrix was defined as
well to conduct a sensitivity analysis. Table 9.1 shows the simulation matrix for the determination of the
most sensitive variables in the MS protection model.
Table 9.1. MS shield with aluminum rear wall performance equations simulation matrix.
Variable
Aluminum Rear Wall Thickness (cm)
Aluminum Rear Wall Yield Stress (ksi)
Bumper Areal Density (g/cm2)
Impact Velocity (km/s)
Impact Angle (º)
Projectile Density (g/cm3)
Aluminum Rear Wall Density (g/cm3)
Standoff Distance (cm)
Projectile Diameter (cm)

Mean Value (μ)
0.051
57
0.31
6
0
2.8
2.7
10
0.25

Coefficient of Variation (COV)
0.02
0.10
0.15
0.05
0.10
0.15
0.05
0.05
0.10
0.05
0.15
0.3
0.50
0.03
0.05
0.10
0.03
0.05
0.10
0.03
0.05
0.10
0.02
0.05
0.10
0.05
0.15
0.30
0.50

Table 9.2, and 9.3 show the results of two of the analyses from the simulation matrix. It is
observed that once again the most critical variables are the impact velocity and the projectile diameter,
and how the reduction of the uncertainty that leads to a reduction of the probability of failure of the
shielding structure.

84

Table 9.2. Pf and sensitivity of the variables (α2) in the Pf calculation of the MS protection model with
Vcov=0.30 and dcov=0.30.
Variable
Aluminum Rear Wall Thickness (cm)
Aluminum Rear Wall Yield Stress (ksi)
Bumper Areal Density (g/cm2)
Impact Velocity (km/s)
Impact Angle (º)
Projectile Density (g/cm3)
Aluminum Rear Wall Density (g/cm3)
Standoff Distance (cm)
Projectile Diameter (cm)

COV
0.02
0.05
0.03
0.30
0.05
0.10
0.05
0.02
0.30

μ
0.051
57
0.31
6
0
2.8
2.7
10
0.25

α2
0.0003
0.0005
0
0.5307
0
0.0088
0.0020
0.0013
0.4563

Pf

0.2711

Table 9.3. Pf and sensitivity of the variables in the Pf calculation of MS protection model with Vcov=0.05
and dcov=0.05.
Variable
Aluminum Rear Wall Thickness (cm)
Aluminum Rear Wall Yield Stress (ksi)
Bumper Areal Density (g/cm2)
Impact Velocity (km/s)
Impact Angle (º)
Projectile Density (g/cm3)
Rear Wall Density (g/cm3)
Standoff Distance (cm)
Projectile Diameter (cm)

9.1

COV
0.02
0.05
0.03
0.05
0.05
0.10
0.05
0.02
0.05

μ
0.051
57
0.31
6
0
2.8
2.7
10
0.25

α2
0.0072
0.0109
0.0001
0.3776
0
0.2552
0.0394
0.0264
0.2832

Pf

7.09e-04

Reliability Analysis
The reliability analysis was performed in two ways; the calculation of the probability of failure

when the mean values of the projectile diameter and impact velocity variables is varied while keeping
the COVs constant, and the calculation of the probability of failure when the COVs of the same
variables are reduced while keeping the mean values constant.
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9.1.1

Reliability Analysis by Varying the Mean Values
In this section presents the reliability analysis of the MS protection model conducted by

changing the mean values of the critical variables. Table 9.4 shows the mean values and COVs of each
of the variables used for the calculation of the probability of failure of the shield.
Table 9.4. Mean values and COV for the calculation of the Pf of the MS protection model.
Variable
Aluminum Rear Wall Thickness
Aluminum Rear Wall Yield Stress
Bumper Areal Density
Impact Velocity
Impact Angle
Projectile Density
Aluminum Rear Wall Density
Standoff Distance
Projectile Diameter

Mean (μ)
0.051 cm
57 ksi
0.31 cm
1 to 10 km/s
0º
2.8 g/cm3
2.7 g/cm3
10 cm
0.1 to 0.35 cm

Coefficient of Variation (COV)
0.01
0.03
0.01
0.15
0.05
0.10
0.03
0.02
0.20

Figure 9.1 illustrates the calculation of the probability of failure by varying the mean values of
the MMOD projectile diameter and the impact velocity. COVs of all the variables, as well as the mean
values of the other variables were kept constant. The mean values were assumed to be the same as the
nominal values of the variables used in the deterministic analysis.
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Figure 9.1. 2D-Plot of the Pf of the MS protection model by varying the projectile diameter and the
impact velocity mean values.
Similar to the analysis of the Whipple protection model described in chapter 8, the projectile
states changes can be observed in figure 9.1. In the low-velocity and high-velocity regime, the
probability of failure increases as the impact velocity mean value increases. In the intermediate-velocity
regime the probability of failure increases due to the fragmentation of the particle.
Also figures 9.2 and 9.3 show how the sensitivity of the variables depends on the velocity regime
at which the probability of failure is computed. The sensitivity of the variables in the intermediatevelocity regime is constant because, the equation that defines this regime is a linear equation. Meaning
that even though the probability of failure changes in this regime, the sensitivity of the parameter will
always be the same, or almost identical.
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Figure 9.2. Sensitivity of the projectile diameter in the Pf calculation.

Figure 9.3. Sensitivity of the impact velocity in the Pf calculation.
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9.1.2

Reliability Analysis by Varying the COVs
A reliability analysis was performed to the MS protection model by calculating the probability of

failure of the shield for the given ranges of the coefficients of variation of the critical variables in the
model. For this analysis the mean values of the variables were assumed as the nominal values used in
the deterministic analysis. Table 9.5 contains the values used for this analysis.
Table 9.5. Mean values and COV assumed for the calculation of the Pf of the MS protection model.
Variable
Aluminum Rear Wall Thickness
Aluminum Rear Wall Yield Stress
Bumper Areal Density
Impact Velocity
Impact Angle
Projectile Density
Aluminum Rear Wall Density
Standoff Distance
Projectile Diameter

Mean (μ)
0.051 cm
57 ksi
0.31 cm
6 km/s
0º
2.8 g/cm3
2.7 g/cm3
10 cm
0.25 cm

Coefficient of Variation (COV)
0.01
0.03
0.01
0.05-0.50
0.05
0.10
0.03
0.02
0.05-0.50

From figure 9.4, it is proven that the reduction of the uncertainty of the critical variables, yield to
a more reliable structure since the probability of failure can considerably be reduced.
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Figure 9.4. 2D-Plot of the Pf of the MS protection model by varying the projectile diameter and the
impact velocity COVs.
Figures 9.5 to 9.7 show the sensitivity of the MMOD projectile diameter, impact velocity, and
projectile density variables in the calculation of the probability of failure when the COVs of the
projectile diameter and impact velocity vary.
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Figure 9.5 Sensitivity of the projectile diameter in the Pf calculation.

Figure 9.6. Sensitivity of the impact velocity in the Pf calculation.
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Figure 9.7. Sensitivity of the projectile density in the Pf calculation.
Figure 9.5 shows that the sensitivity of the projectile diameter increases as the COV of the
projectile diameter increases. However, this sensitivity decreases when the COV of the diameter
decreases. This demonstrates that when the COV of one variable increases its sensitivity increases but
for the rest of the variables the sensitivity actually decreases. It is shown in figure 9.6 a similar behavior
on the sensitivity factor of the impact velocity. Figure 9.7 demonstrates this same behavior where the
sensitivity factor of the projectile density decrease as the COVs of the projectile diameter and impact
speed increase.
9.2

Calibration of the Reliability-Based Partial Safety Factors
Lastly, the calibration of the partial safety factors was conducted for the MS protection model for

a reliability index range of 2.5 to 6. Table 9.6 shows the mean values and COV used for the calibration
of the partial safety factors for the Whipple shield performance equations.
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Table 9.6. Mean values and COV for the calibration of the partial safety factors of the MS protection
model.
Mean Value
(μ)
0.051
57
0.31
8
0
2.8
2.7
10
0.3

Variable
Aluminum Rear Wall Thickness (cm)
Aluminum Rear Wall Yield Stress (ksi)
Bumper Areal Density (g/cm2)
Impact Velocity (km/s)
Impact Angle (º)
Projectile Density (g/cm3)
Aluminum Rear Wall Density (g/cm3)
Standoff Distance (cm)
Projectile Diameter (cm)

Coefficient of Variation
(COV)
0.01
0.03
0.03
0.15
0.05
0.10
0.03
0.02
0.15

Table 9.7 shows the safety factors for each of the variables in the model depending on the level
of reliability desired.
Table 9.7. Partial safety factors for a given reliability index for the MS protection model variables.

Variable
Aluminum Rear Wall
Thickness
Aluminum Rear Wall
Yield Stress
Bumper Areal Density
Impact Velocity
Impact Angle
Projectile Density
Aluminum Rear Wall
Density
Standoff Distance
Projectile Diameter

2.5

Partial Safety Factors
Reliability Index (β)
3.0
3.5
4.0
4.5
5.0

5.5

6.0

1.00

1.00

1.00

1.00

1.00

1.00

1.00

1.00

1.00
1.00
1.13
1.01
1.05

1.00
1.00
1.16
1.02
1.06

1.00
1.00
1.20
1.02
1.08

1.00
1.00
1.24
1.02
1.09

1.00
1.00
1.28
1.02
1.11

0.99
1.00
1.32
1.03
1.12

0.99
1.00
1.37
1.03
1.14

0.99
1.00
1.42
1.03
1.15

0.99
1.00
1.05

0.99
0.99
1.07

0.99
0.99
1.08

0.99
0.99
1.10

0.99
0.99
1.11

0.99
0.99
1.13

0.99
0.99
1.14

0.99
0.99
1.16

Similarly to the calibration of the partial safety factors for the Aluminum and Whipple
performance equations, it is observed how the projectile diameter size is in amplified as the desired level
of reliability of the structure is increased. Also, the projectile density, and the impact velocity are
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amplified for the calculation of the allowable projectile diameter that can impact the shield without
causing failure. Equation 27 defines the high velocity regime design equation for a MS shield with rear
wall.
𝑑𝑐 =

1
1
1 𝛾𝜎 𝜎 6
1
−
3
3
𝐾𝐻−𝑀𝑆 (𝛾𝑡𝑤 𝑡𝑤 𝛾𝜌𝑤 𝜌𝑤 ) 𝛾𝜌𝑝 𝜌𝑝 (
) 𝛾𝑣 𝑉 −3 (𝛾𝜃 𝑐𝑜𝑠𝜃)−1/3 𝛾𝑠 𝑆 2/3
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≥ 𝛾𝑑 𝑑𝑐−𝑎𝑐𝑡𝑢𝑎𝑙 (27)

Table 9.8 shows the values of the variables assumed for the calculations of the allowable
projectile diameter for a MS shield with aluminum rear wall using equation 27, and table 9.9 shows the
results by the assigned level of reliability.
Table 9.8. Values used for the calculation of the critical diameter using equation 27.
Variable
Aluminum Rear Wall Thickness (cm)
Aluminum Rear Wall Yield Stress (ksi)
Bumper Areal Density (g/cm2)

Nominal Value
0.051
57
0.31
8
0

Impact Velocity (km/s)
Impact Angle (º)
Projectile Density (g/cm3)

2.8

Rear Wall Density (g/cm3)

2.7

Standoff Distance (cm)

10

Table 9.9. Critical diameter by a desired level of reliability using equation 27.
β
2.5
3.0

dc
0.31
0.30

3.5

0.30

4.0
4.5

0.29
0.29

5.0

0.28

5.5

0.28

6.0

0.27
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Figure 9.9 shows how a plot of the relationship between the reliability index and the allowable
projectile diameter that the shield can support calculated using equation 27, and the deterministic value
obtained from equation 10.

Critical Diameter Comparison
Critical Diameter (cm)

0.33
0.32
0.31
0.30
0.29
0.28
0.27
0.0

1.0

2.0

3.0
4.0
Reliability Index

Equation 27

5.0

6.0

7.0

Equation10

Figure 9.9. Comparison of the results of the critical projectile diameter for a MS shield with aluminum
rear wall before and after de application of the partial safety factors.
Once again it is shown how the allowable projectile diameter that the shield can hold is reduced
as the reliability index increases. Partial safety factors are used to assign a level of safety to the structure
by taking into consideration the uncertainties that exist in the variables used for the design of the shield.
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Chapter 10. Summary and Conclusions
10.1

Research Outcomes
In all their missions, NASA is implementing probabilistic risk assessments to their mission

operations, and quality control. However, the existence of conservative and deterministic approaches
persists in many of their design practices such as the design of MMOD protection. This thesis work
focused on in the consideration of the uncertainty that exists in the variables used for the calculation of
the MMOD protection of NASA’s space structures in a given MMOD environment. Reliability analyses
were performed on several MMOD protection shields in order to prove that the First-Order Reliability
Method FORM can be applied to the aerospace field. Also, the calibration of safety factors was
conducted in order to prove that reliability-based partial safety factors can be calibrated using the
proposed method and lead to useful design equations that satisfy a desired safety. The intention was to
take into consideration the uncertainty that exists in the MMOD environment, as well as in the variables
used in the design of MMOD protection. The consideration of the uncertainty in the variables used in
the models of the MMOD shielding structures during the design process lead to more rational models.
Several analyses were presented in order to qualify the level of reliability of the shields in
different circumstances. These analyses allow for the analysis of what would happen if the mean values
of the critical parameters increase or decrease, and how the probability of failure of the structure can be
decreased by reducing the uncertainty of the most important random variables in the model. It is
observed that the most important variables in the calculation of the probability of failure of the analyzed
shields were the projectile diameter, and the impact velocity. If the uncertainty that exists in these
variables is reduced, other variables become important in the calculation of the probability of failure,
such as the projectile density and the impact angle of the particle.
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Although it was observed that several variables used in the models did not affect a lot the
calculation of the probability of failure of the given shield, all of the variables were defined as random
variables, and assumed to have a log-normal probability density function.
NASA utilizes the BUMPER code to calculate the Probability of No Penetration, PNP, of the
MMOD shield by taking into consideration two factors: 1) geometry of the structure, and 2) the ratio of
the number of impacts that exceed the shielding capabilities of the structure using the BLEs. In table
2.4, it was shown the typical PNP that NASA is currently aiming for the design of MMOD shields. This
NASA process assumes that the shield geometric dimensions and material properties are deterministic.
Incorporating the reliability analyses presented here into the BUMPER code would lead to a more
robust model of the performance of the shielding structures.
Moreover, it was proven that the calibration of the reliability-based partial safety can be derived
using a FORM. The calibration of the partial safety factors were calculated leading to the development
of modified design equations that result in a desired level of safety.
10.2

Research Limitations
Since no real statistical data was available, the probability distribution for all the variables was

assumed to be a log-normal distribution with assumed parameters. The mean values were assumed to be
the same as the nominal values presented in several manuals and reports from different tests. Since the
statistical parameters used in this thesis were not the results of a statistical analysis of real data, the
specific results presented here cannot be used in a particular design of a shielding structure.
10.3

Future Research
The analyses performed in this research were concentrated on a limited set of MMOD impact

conditions and shielding structures. This research opens the doors to a possible reliability analysis of the
NASA’s shields by considering all of the impact circumstances at which a shield is subjected on the
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different orbital altitudes. Also, it is recommended the implementation of a statistical analysis in order to
determine the correct probability distribution of the variables used for the design of MMOD shields.
It is observed that the most critical variables that affect the calculation of the probability of
failure of the shields are the impact velocity of the projectile and the actual projectile diameter. Hence,
NASA can developed new techniques in order to more accurately determine the MMOD environment
and reduce the uncertainty of these parameters in order to increase the reliability of the shields and
possibly reduce their weight.
10.4

Conclusion
To conclude, it was proven that FORM can be applied to the MMOD design equations in order

to calculate the probability of failure of the given shields. The application of this type of analysis leads
to a more rational evaluation of the problem since the uncertainty that exists in the variables is taken into
account.
This reliability analysis could replace the existing approach of the calculation of the PNP of the
shield when the actual projectile diameter exceeds the results of the BLEs. It is shown how by reducing
uncertainties of the most important variables used for the design of MMOD protection increases the
reliability of the shield.
Finally, the partial safety factors can also be calibrated using this method in order to provide a
safety margin in the results of the MMOD models. The implementation of the reliability-based partial
safety factors allow the consideration of the variability that exists in the variables used in the design
equations while assigning a desired level of safety during the design of the shield.
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Appendix A. Titanium Monolithic Shield Model
A.1

Deterministic Analysis

Titanium Monolithic Shield Equation is defined by equation A.1:
2

𝜌𝑝 −0.5 𝑉𝑐𝑜𝑠𝜃 −3
−1
0.25
𝑑 = 𝑡𝑇𝑖 (𝐾 5.24) 𝐵𝐻𝑁
( )
(
)
𝜌𝑡
𝐶𝑡

(𝐴. 1)

Where,
t = Target thickness (cm).
BHN = Brinell hardness of the target.
ρt = Density of the target (g/cm3).
ρp = Density of the projectile (g/cm3).
k = Damage parameter.
V = Projectile velocity (km/s)
θ = Impact angle from target normal (deg)
Ct = Speed of sound in the target (km/s).
dc = Critical projectile diameter to cause damage.
The following table indicates the allowable projectile diameter at an impact velocity of 6 km/s for the
titanium monolithic shield, at the given conditions.

102

Table A.1. Theoretical critical projectile diameter for a titanium monolithic shield.
Brinell
Hardness

Speed of
Sound

Damage
Parameter

Projectile
Density

Target
Density

Target
Thickness

Impact
Angle

Impact
Velocity

BHN
Unitless
257

C
(km/s)
4.26

K
Unitless
1

ρp
(g/cm3)
2.8

ρt
(g/cm3)
4.73

t
(cm)
0.45

θ
(°)
0

V
(km/s)
6

A.2

Allowable
Projectile
Diameter
dc,allow
(cm)
0.36

Reliability Analysis

Table A.2 contains the mean values and COV assumed for the simulation matrix.
Table A.2 Titanium monolithic shield simulation matrix.
Parameter
Projectile Diameter
Thickness
BHN
Projectile Density
Target density
Impact Velocity
Impact Angle
Speed of Sound on target

Mean Value
(μ)
0.20
0.45
257
2.8
4.73
6
0
4.26

Coefficient of Variation (COV)
0.05
0.03
0.02
0.05
0.02
0.05
0.05
0.02

0.15
0.075
0.05
0.1
0.05
0.15
0.1
0.05

0.3
0.1
0.1
0.25
0.1
0.3
0.15
0.1

0.5
0.5
-

Table A.3 and A.4 shows two of the calculations of the Pf of the titanium monolithic
performance equation performed in order to identify the critical random variables in the model.
Table A.3. Pf and sensitivity of the variables (α2) in the Pf calculation of the monolithic shield model
with Vcov=0.30 and dcov=0.30.
Variable
Target Thickness (cm)
BHN
Target Density (g/cm3)
Projectile Density (g/cm3)
Impact Velocity (km/s)
Impact Angle (º)
Speed of Sound (km/s)
Projectile Diameter (cm)

μ
0.45
257
4.73
2.8
6
0
4.26
0.3
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COV
0.03
0.03
0.15
0.05
0.30
0.10
0.05
0.30

α2
0.0061
0.0004
0.1138
0.0014
0.2588
0.0299
0.0075
0.5822

Pf

0.2235

Table A.4. Pf and sensitivity of the variables in the Pf calculation of the monolithic shield model with
Vcov=0.05 and dcov=0.10.
Variable
Target Thickness (cm)
BHN
Target Density (g/cm3)
Projectile Density (g/cm3)
Impact Velocity (km/s)
Impact Angle (º)
Speed of Sound (km/s)
Projectile Diameter (cm)

μ
0.45
257
4.73
2.8
6
0
4.26
0.3

COV
0.03
0.03
0.15
0.05
0.05
0.10
0.05
0.15

α2
0.0162
0.0010
0.4603
0.0024
0.0200
0.0796
0.0200
0.4005

Pf

0.0083

A.1.1 Reliability Analysis by Varying the Mean Values
Table A.5. Mean values and COV for the calculation of the Pf of the titanium monolithic performance
equation.
Variable
Shield Thickness
Brinell Hardness
Shield Density
Projectile Density
Impact Velocity
Impact Angle
Speed of Sound
Projectile Diameter

Mean (μ)
0.45 cm
257
4.73 g/cm3
2.8 g/cm3
1 to12 km/s
0º
4.26 km/s
0.2 to 1 cm
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Coefficient of Variation (V)
0.03
0.03
0.05
0.15
0.25
0.10
0.05
0.30

Figure A.1. 2D-Plot of the Pf of the titanium monolithic shield by varying the projectile diameter and the
impact velocity mean values.

Figure A.2. Sensitivity of the projectile diameter in the Pf calculation.
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Figure A.3. Sensitivity of the impact velocity in the Pf calculation.
A.1.2 Reliability Analysis by Varying the COVs
Table A.6. Mean values and COV assumed for the calculation of the Pf of the titanium monolithic
performance equation.
Variable
Shield Thickness
Brinell Hardness
Shield Density
Projectile Density
Impact Velocity
Impact Angle
Speed of Sound
Projectile Diameter

Mean (μ)
0.45 cm
257
4.73 g/cm3
2.8 g/cm3
6 km/s
0º
4.26 km/s
0.3
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Coefficient of Variation (V)
0.03
0.03
0.05
0.15
0.25
0.10
0.05
0.30

Figure A.4. 2D-Plot of the Pf of the titanium monolithic shield by varying the projectile diameter and the
impact velocity COVs.

Figure A.5 Sensitivity of the projectile diameter in the Pf calculation.
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Figure A.6. Sensitivity of the impact velocity in the Pf calculation.

Figure A.7 Sensitivity of the impact angle in the Pf calculation.
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Figure A.8. Sensitivity of the projectile density in the Pf calculation.
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Appendix B. Performance Equations for ISS Whipple Shields
B.1

Deterministic Analysis
The following equation is used to determine the critical particle diameter required to cause

failure to any International Space Station (ISS) Whipple shield.
High Velocity, 𝑉 ≥ 𝑉𝐻 /(𝑐𝑜𝑠𝜃)𝑥ℎ
1

2

𝑑𝑐 = 𝐾𝐻 𝜌𝑝 −3 (𝑉𝑐𝑜𝑠𝜃)−3

(𝐵. 1)

Low Velocity, 𝑉 ≥ 𝑉𝐿 /(𝑐𝑜𝑠𝜃)𝑥𝑙
4

1

𝑑𝑐 = 𝐾𝐿 (𝑐𝑜𝑠𝜃)(−3+𝑒𝑙) 𝜌𝑝 −2 𝑉 −2/3

(𝐵. 2)

Intermediate Velocity,𝑉𝐿 /(𝑐𝑜𝑠𝜃)𝑥𝑙 < 𝑉 < 𝑉𝐻 /(𝑐𝑜𝑠𝜃)𝑥ℎ
𝑑𝑐 =

2 2𝑥ℎ
)
3

1

𝐾ℎ𝑖 𝜌𝑝 −3 (𝑐𝑜𝑠𝜃)(−3+
4

+𝐾𝑙𝑖 𝜌𝑝 −0.5 (𝑐𝑜𝑠𝜃)(−3+𝑒𝑙+

[𝑉 − 𝑉𝐿 (𝑐𝑜𝑠𝜃)−𝑥𝑙 ]
[𝑉𝐻 (𝑐𝑜𝑠𝜃)−𝑥ℎ − 𝑉𝐿 (𝑐𝑜𝑠𝜃)−𝑥𝑙 ]

2𝑥𝑙
)
3

[𝑉𝐻 (𝑐𝑜𝑠𝜃)−𝑥ℎ − 𝑉]
[𝑉𝐻 (𝑐𝑜𝑠𝜃)−𝑥ℎ − 𝑉𝐿 (𝑐𝑜𝑠𝜃)−𝑥𝑙 ]
(𝐵. 3)

Where,
ρp = Density of the projectile (g/cm3)
V = Projectile velocity (km/s)
θ = Impact angle from target normal (deg)
dc = Critical projectile diameter to cause damage (cm)
KH = High velocity coefficient (g1/3km2/3s-2/3)
Khi = High intermediate velocity coefficient (g1/3)
KL = Low-velocity coefficient (g1/2 cm-1/2 km2/3 s-2/3)
Kli = Low intermediate velocity coefficient (g1/2 cm-1/2)
VH = Intermediate to high transition velocity (km/s)
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VL = Low to intermediate transition velocity (km/s)
el = exponent
xl = low-velocity exponent
xh = high-velocity exponent
The following parameters in table B.1 are used in the performance equations for ISS Whipple
shields. These were extracted for the Handbook for Designing MMOD Protection, and correspond to the
US Laboratory in the ISS. These parameters changes depending on the type of component of ISS.
Table B.1. BLE Coefficients and Shield Parameters for ISS USL Whipple Shields (Christiansen, 2009).
KH

5.91

KH = High velocity coefficient (g1/3km2/3s-2/3)

Khi

1.615

Khi = High intermediate velocity coefficient (g1/3)

Kli

0.891

KL = Low-velocity coefficient (g1/2 cm-1/2 km2/3 s-2/3)

VL

1.5

VH

7

VH = Intermediate to high transition velocity (km/s)

KL
El
Xl
Xh

1.168
-0.5
1.9
1

VL = Low to intermediate transition velocity (km/s)
el = exponent
xl = low-velocity exponent
xh = high-velocity exponent

Kli = Low intermediate velocity coefficient (g1/2 cm-1/2)

The projectile density was assumed 2.8 g/cm3 since aluminum orbital debris predominate around
the Earth orbit. The following table represents the maximum projectile diameter that the Whipple shield
for ISS US Laboratory (USL) component can hold with the given material properties shown in the
previous tables at the impact velocity range of 1 to 10 km/s
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Table B.2. Deterministic calculation of the allowable projectile diameter for the ISS USL shield for an
impact velocity range of 1-10km/s.
Projectile
Density

Angle of
Impact

Impact
Velocity

ρp (g/cm3)

θ (°)

V
(km/s)
1
2
3
4
5
6
7
8
9
10

2.8

B.2

0

Allowable
Projectile
Diameter
dc,allow (cm)
0.7
0.59
0.7
0.81
0.92
1.03
1.15
1.05
0.97
0.9

Reliability Analysis

Table B.3 contains the mean values and COV assumed for the simulation matrix.
Table B.3. Whipple shield for ISS model simulation matrix.
Variable
Projectile Diameter
Projectile Density
Impact Velocity
Impact Angle

Mean Value (μ)
0.8
2.8
9
0

Coefficient of Variation (COV)
0.05
0.15
0.3
0.5
0.05
0.1
0.25
0.05
0.15
0.3
0.5
0.05
0.1
0.15
-

Table B.4 and B.5 shows two of the calculations of the Pf of the titanium monolithic
performance equation performed in order to identify the critical random variables in the model.
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Table B.4. Pf and sensitivity of the variables (α2) in the Pf calculation of the Whipple shield for ISS
performance equations with Vcov=0.30 and dcov=0.30.
Variable
Impact Velocity (km/s)
Impact Angle (º)
Projectile Density (g/cm3)
Projectile Diameter (cm)

μ
8
0
2.8
0.8

COV
0.30
0.10
0.15
0.30

α2
0.6345
0.0215
0.0046
0.3395

Pf
0.2127

Table B.5. Pf and sensitivity of the variables in the Pf calculation of the Whipple shield for ISS
performance equations with Vcov=0.05 and dcov=0.10.
Variable
Impact Velocity (km/s)
Impact Angle (º)
Projectile Density (g/cm3)
Projectile Diameter (cm)

μ
8
0
2.8
0.8

COV
0.10
0.10
0.15
0.10

α2
0.5032
0.1782
0.0365
0.2821

Pf
0.0659

B.1.1 Reliability Analysis by Varying the Mean Values
Table B.5. Mean values and COV for the calculation of the Pf of the Whipple shield for ISS performance
equations.
Variable
Impact Velocity (km/s)
Impact Angle (º)
Projectile Density (g/cm3)
Projectile Diameter (cm)

Mean (μ)
1-10
0
2.8
0.4-1
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Coefficient of Variation (COV)
0.15
0.05
0.10
0.30

Figure B.1. 2D-Plot of the Pf of the Whipple shield for ISS performance equations by varying the
projectile diameter and the impact velocity mean values.

Figure B.2. Sensitivity of the projectile diameter in the Pf calculation.

114

Figure B.3. Sensitivity of the impact velocity in the Pf calculation.
B.1.2 Reliability Analysis by Varying the COVs
Table B.6. Mean values and COV assumed for the calculation of the Pf of the Whipple shield for ISS
performance equations.
Variable
Impact Velocity (km/s)
Impact Angle (º)
Projectile Density (g/cm3)
Projectile Diameter (cm)

Mean (μ)
9
0
2.8
0.8
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Coefficient of Variation (COV)
0.05-0.50
0.05
0.10
0.05-0.50

Figure B.4. 2D-Plot of the Pf of the Whipple shield for ISS performance equations by varying the
projectile diameter and the impact velocity COVs.

Figure B.5 Sensitivity of the projectile diameter in the Pf calculation.
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Figure B.6. Sensitivity of the impact velocity in the Pf calculation.

Figure B.7 Sensitivity of the impact angle in the Pf calculation.
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Figure B.8. Sensitivity of the projectile density in the Pf calculation.
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